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Abstract— In this paper we introduce the concept of an

(e B)

-fuzzy ~ v -submodule of an H, -module by

€
using the notion of “belongingness ( ) ” and

“quasi-coincidence (q) ” of fuzzy points with fuzzy sets,

€.4,€Vq,€ Aq}

where a,p are any two of { with

€,V
X #END Since the concept of ( ’ q) -fuzzy

v -submodules is an important and useful

generalization of ordinary fuzzy " -submodules, we

€,V

discuss some fundamental aspects of ( (]) -fuzzy
v-submodules. Also we extend the concept of a fuzzy
v -ideal with thresholds to the concept of a fuzzy

H, -submodule with thresholds Mathematics Subject
Classification 20N20

Index Terms— Hyperstructure, =~ ¥ -module, Fuzzy set,

Fuzzy ~ ¥ -submodule.

INTRODUCTION

The algebraic hyperstructure is a natural generalization of
the usual algebraic structures which was first initiated by
Marty [12]. After the pioneering work of F. Marty, algebraic
hyperstructures have been developed by many researchers. A
short review of which appears in [14]. A recent book on
hyperstructures [15] points out their applications in geometry,
hypergraphs, binary relations, lattices, fuzzy sets and rough
sets, automata, cryptography, codes, median algebras,
relation algebras, artificial intelligence and probabilities.
Vougiouklis [22] introduced a new class of hyperstructures

so-called [ -structure, and Davvaz [3] surveyed the theory

of H  -structures. The H , -Structures are hyperstructures

where equality is replaced by non-empty intersection.

The concept of fuzzy sets was first introduced by Zadeh [13]
and then fuzzy sets have been used in the reconsideration of
classical mathematics. In particular, the notion of fuzzy
subgroup was defined by Rosenfeld [1] and its structure was
thereby investigated. Liu [23] introduced the notions of fuzzy
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subrings and ideals. Using the notion of “belongingness

(E) ” and “quasi-coincidence (q) ” of fuzzy points with
fuzzy sets, the concept of (Oc, ,B) -fuzzy subgroup where

o, are any two of {e,q,e vg,€ /\q} with a #€ Ag
was introduced in [17]. The most viable generalization of
Rosenfeld’s fuzzy subgroup is the notion of (e,e vq)
-fuzzy subgroups, the detailed study of which may be found in
[19]. The concept of an (E,E vq) -fuzzy subring and ideal
of a ring have been introduced in [18] and the concept of
(E, € Vq) -fuzzy subnear-ring and ideal of a near-ring have

been introduced in [2]. Fuzzy sets and hyperstructures
introduced by Zadeh and Marty, respectively, are now studied
both from the theoretical point of view and for their many
applications. The relations between fuzzy sets and
hyperstructures have been already considered by many
authors. In [4, 5, 7], Davvaz applied the concept of fuzzy sets
to the theory of algebraic hyperstructures and defined fuzzy

H H,

. and
H  -submodules, which are generalizations of the concepts

-subgroups, fuzzy -ideals fuzzy

of Rosenfeld’s fuzzy subgroups, fuzzy ideals and fuzzy
submodules. The concept of a fuzzy H  -ideal and

H  -subring has been studied further in [6, 8]. Davvaz [9]
introduced the notion of (a, B) -fuzzy H, -ideals of
H | -rings. This paper continues this line of research for

(Oc , B ) -fuzzy H  -submodule of an /1 -module.

The paper is organized as follows: In Section 2, we recall
some basic definitions and results about /7 -structures. In

Section 3, we introduce the concept of (oc, B) -fuzzy
H , -submodule of an H -module and investigate related
results. Since the concept of (E,e vq ) -fuzzy
H  -submodule is an important and useful generalization of
ordinary fuzzy H  -submodules, some fundamental aspects
of (e, €evq ) -fuzzy H  -submodules have been discussed in
Section 4. Also we extend the concept of a fuzzy H  -ideal

with thresholds to the concept of a fuzzy H  -submodule with
thresholds.
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On (a , B ) -Fuzzy H -Submodules of /7 -Modules

BASIC DEFINITIONS
We first give some basic definitions for proving the further results.
Definition 2.1. [11] Let X be a non-empty set. A mapping t: X —[0, 1] is called a fuzzy set in X. The complement of
U, denoted by p°, is the fuzzy setin X given by pu° (x) =1l-u (x) Vxe X.

Definition 2.2. [20] Let G be anon-empty setand *: GX G — @ (G) be a hyperoperation, where " (G) is the set of all

the non-empty subsets of G. Where A* B = a*b, VA, BcG.
acA,beB

The * is called weak commutative if x* y N\ y*x = ¢, Vx,yeG.

The * is called weak associative if (x * y)*z N x*(y*z)#¢, Vx,y,zeG.

A hyperstructure (G, *) is called an H,—group if

(i) * is weak associative.

(i) a*G=G*a=G, VaeG (Reproduction axiom).

Definition 2.3. [20] An H,—ring is a system (R,+,-) with two hyperoperations satisfying the ring-like axioms:
(i) (R,+) is an H,-group, that is,

(x+y)+2)Nn(x+(y+2)#¢ Vx,yeR,

a+R=R+a=R VaeR,

(ii) (R,-) is an H,-semigroup;

(x-(y+2)N(x-y+x-2)#9,

((x+py)2)Nn(x-z+y-z)#4.
Definition 2.4. [10] Let R be an H,-ring. A nonempty subset / of R is called a left (resp., right) H,-ideal if the following
axioms hold:

(i) ({,+) is an H,-subgroup of (R,+),
(i) R-I < (resp.,[-Rc ).
Definition 2.5. [10] Let (R,+,) be an H,~ring and u a fuzzy subset of R . Then p is said to be a left (resp., right) fuzzy

(iii) () is weak distributive with respect to (+), that is, for all x,y,z € R

H,-ideal of R if the following axioms hold:

(Dmin{u(x), u(y)} <inf{u(z):z € x+ y}vx,y €R,

(2) Forall x,a € R there exists y € R such that x € @+ y and min{u(a), u(x)} < u(y),

3) For all Xx,a€R there exists zeR such that Xez+a and

min{u(a), u(x)} < u(z), (Au(y) <inf{u(z):z € x- y} respectively pu(x) <inf{u(z):zex-y} Vx,yeR.
Definition 2.6. [20] A nonempty set M is called an /{ —module over an H -ring R if (M, +) is a weak commutative

H  —group and there exists a map

.:RXM—)SO*(M) (l’ x)—)r.x Such that for all a,beR and x,yeM , we
( x+y) ax+ay =0,

have(x+y ) xa+ya =0,

(a.(bx))((ad)-x) #¢.

Note that by using fuzzy sets, we can consider the structure of /7 -module on any ordinary module which is a generalization of
a module.
Definition 2.7. [20] A fuzzy set pu in M is called a fuzzy H 2 —submodule of M

if () min{u(x), u(y)} <inf{u(z):z € x+y}vx,y e M,

(2) Forall x,a € M there exists ),z € M such that x € (a +y)ﬁ(z+ a) and

min{g(a), p(x)} <inf {u(y), u(2)},

BG)u(y)<inf{u(z):zex-y}forall ye M and x € R.

Definition 2.8. [20] Let 1 be a fuzzy subset of R . If there exista ¢ € (0, 1] and an x € R such that
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t ify=x
u(y)_ 0 ify#x

Then p is called a fuzzy point with support x and value ¢ and is denoted by X, .

Definition 2.9. [20] Let 1 be a fuzzy subset of R and x, be a fuzzy point.

M1t (x) >t then we say X, belongsto u,and write X, € i .

2)If (x) +1>1, then we say X, is quasi-coincident with £ , and write x,qu . (3)x, € vqu < X, € L oF X,q L.
(4)x, e nqu < x, € pand x,qUu.

In what follows, unless otherwise specified, @ and [ will denote any one of €, g, € Vg or € Ag with &¢ #€ Aq, which

was introduced by Bhakat and Das [9].
Definition 2.10. [20] Let R be an F/ —ring. A fuzzy subset 11 of R is said to be an (OL , B ) —fuzzy left (right) H  —ideals of

Rifforall ¢,7 € (0,1],
(1)xtauﬂyrayz>zt/\rﬁu vzex+y7
2)xta,u,arau =y, Bl forsome ye R with xea+y,

B for somez € R with x € z+a,

tAY

(
(3)xau,a,an=z
(4)ytau,x eR=zpu Vzexy (xta/,t,y eR=zpu Vze x.y).

3. ( a,p ) —Fuzzy H -Submodules

In what follows, let M denote an / -module over an F1 —ring R unless otherwise specified. We start by defining the notion of
(ct, B)—fuzzy H,—submodules.

Definition 3.1. A fuzzy set (t in M is called a (a, B ) -fuzzy left (right) H , —submodule of M if for all ¢,7 € (0,1],

(l)‘v’x,yeM,x,,yrocy =z pPu Vzex+y,

tAr

(2)Vx,aeM,x,,aop=(yrz) Pu for some v,zeM with

tAr
xe(a+y)n(z+a),

(S)Vy eM,xeR,you=zpu Vzexy (Vy eM,xeR,you=zpu Vze y.x).

In this paper we present all the proofs for left /4 —submodules. Similar results hold for right /7 —submodules.

Proposition 3.2. Let M be an HV —module. Every (E Vvq, e vq) -fuzzy left (right) HV —submodule of M is an
(E, S Vq) —fuzzy left (right) /4 —submodule of M.

Proof. Let 1 be an (E vy, € vq) —fuzzy left [ —submodule of M.

(i) Suppose that X,y € M and ¢,r € [0,1] be such that x,,y, € . Then x,,y, € vgu, andso z, , € vqu, forall
zex+).

(i) Now letx,a € M andz,r €(0,1] be such that x,,a, € y. Then X,,a, € vqu which implies(yAz) €vqu
for some y,z € M with x € (a+y)ﬁ(z+a).

(iii) Let X,y €M and t € (0,1] be such that y, € . Then y, € vgu which implies z, € vqu, for all z € x.y.
Proposition 3.3. Let M be an H ,—module. Every (E, E) -fuzzy left (right) /4 —submodule of M is an (E, € vq) —fuzzy left
(right) H  —submodule of M.

Lemma 3.4.If 11 is a fuzzy left (right) /4 -submodules of M, then the characteristic function ) , of i isan (e, e) -fuzzy left
(right) H  -submodule of M.

Now, we give the main result on general (a, ﬁ) -fuzzy left (right) H  -submodules of F -modules.
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Theorem 3.5. Let p be a non-zero (Oc,ﬁ) —fuzzy left (right)y H , -submodule of M. Then the

set Suppp = {x eM:pu (x) > 0} is a left (right) /7 -submodule of M.

A fuzzy subset (i ofan H -module M is said to be proper if Im £1 has at least two elements. Two fuzzy subsets are said to be
equivalent if they have same family of level subsets. Otherwise, they are said to be non-equivalent.

Theorem 3.6. Let M have proper [ -submodules. A proper (E,E) -fuzzy H  -submodule p of M such that card

Im 1 >3, can be expressed as the union of two proper non-equivalent (E, E) -fuzzy H  -submodules of M.

4. (E, € Vq) -fuzzy I -submodules

In this section, we consider a special case of (a, ﬂ) -fuzzy H  -submodules. An (6, € vq) -fuzzy H  -submodule is an
important and useful generalization of ordinary fuzzy H  -submodule.

Definition 4.1. Let M be an H , -module. A fuzzy subset 11 of M is said to be an (E, €EVvq ) -fuzzy left (right) /1 -submodule
of Mif forall ¢,7 €(0,1]

(i)xt ENY. EU=2Z, EVU, Vzex+y;

(ii)x, e wa, e p=(yAz) evqu, for some v.zeM with
xe(a+y)m(z+a); (iii)yt eu,xeM =z, evqu, Vze x.y(x[ eu,yeM =z evqu, Vze x.y).
It is easy to see that for any subset yt of M, y , is an -fuzzy left (right) H  -submodule of M if and only if p is a left (right)
H  -submodule of M.

Proposition 4.2. Conditions (i)-(iii) in Definition 4.1, are respectively equivalent to the following:

(l)y(x)/\/,L(y)/\O.SZEé\”u(Z),Vx,yeM;

(2)Vx,a € M there exists y,z € M such thatx € (a+y)m(z+a) and,u(a)/\/.t(x)/\o.S < ,u(y)/\/,t(z);

(3)u(y)~0.5 /\y,u(z),Vx,yeM(,u(x)/\O.S A ,u(z),‘v’x,yeM).

zZEX. zex.y

Proof. (i = 1) :Suppose that X, y € M . We consider the following cases:
(a)p(x)Ap(y)<0.5,

(b),u(x)/\,u(y)ZO.S.
Case a: Assume that there exists ze€x+)y such that ,u(z)</,t(x)/\,u(y)/\0.5, which  implies

y(z)<,u(x)/\u(y). Choose ¢ such that u(z)<t<,u(x)/\u(y). Then Xx,,y, € 4 but z,€vgu which

contradicts (i).

Case b: Assume that U (z) <0.5 forsome z € x+ y. Then X,5,V,s € U, but Z,s€ VqL, a contradiction.
Hence (1) holds.
(ii = 2) : Suppose that x,a € M. We consider the following cases:

(a),u(x)/\,u(a)<0.5,

(b)u(x)Ap(a)=0.5.

Case a: Assume that for all y,z € M with xe(a+y)ﬁ(z+a), we have u(y)/\y(z)< y(x)/\y(a).

Choose ¢ such that /,t(y)/\/.t(z)<t</,t(x)/\/.t(a) and t+/.t(y)/\u(z)<1. Then Xx,,a, € i, but
(¥ Az), € vgu, which contradicts (ii).

Case b: Assume that forall y,z€ M with X e(a+y)m(z+a), we have,u(y)/\/.t(z) < u(x)/\u(a)/\O.S.

Then X, 5,a,5 € U, but (y A Z)O SEVaU, which contradicts (ii).
Hence (2) holds.
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(iii = 3) :Suppose X,y € M. We consider the following cases:
(a) u (y) <0.5,

(b)/,t(y) >0.5.
Case a: Assume that there exists z € X.) such that (Z) <u (y) A 0.5, which implies pt (Z) <u (y) Choose ¢ such

that p1(z) <t < p(y). Then y, € p, but z,€ vgp,

which contradicts (iv).

Case b: Assume that f1(z)< 0.5 for some z € x.y Then Y, € {1, but Z, ;€ VgL, a contradiction. Hence (3) holds.
(1:>i):Let X,,y, € W. Then ,u(x)ZZ and y(y)z r. Forevery z € x+ ) we have
p(z)zp(x)Apu(y)A0.521Ar 0.5, 1f tAr>0.5, then u(z)>0.5 which implies u(z)+tAr>1. If
tvr<0.5, then ,u(z)Zt/\r.

Therefore z,,, € vgu forall ze x+ y.

(2 = ii): Let x,,a, € y. Then ,u(x) >t and ,u(a) 2 7. Now, for some y,z € M with

xe(a+y)m(z+a), we have

p(y)ap(z)>p(a)Au(x)A052tArA0S5. If tAr>0.5 then p(y)Ap(z)=0.5 which implies
u(y)/\u(z)+t/\r>1.

If tvr<0.5, then u(y)Au(z)=tnr.

Therefore (¥ Az), € Vqu Hence (ii) holds.

(3:>iii): Let y, € 4 and x € M. Then u(y)Zt. For every z € X.y wehave,u(z)z u(y)/\O.S >t~0.5.

If £ >0.5, then t(z)>0.5 which implies p1(z)+¢>1.

If 1 < 0.5, then p(z)>1.

Therefore z, € vgqu forall z € x.y.

By Definition 4.1 and Proposition 4.2, we immediately get:

Corollary 4.3. A fuzzy subset tt ofan A -module M is an (e, € Vq) -fuzzy left (right) A -module of M if and only if the
conditions (1)-(3) in Proposition 4.2 hold.

Now, we characterize (E, S \/q) -fuzzy left (right) /4 -modules by their level /1 -modules.

Theorem 4.4. Let M be an /7 -module and p1 a fuzzy subset of M. If i is an (E, € vq) -fuzzy left (right) / -submodule
of M, then for all 0 <7<0.5, p, is an empty set or a left (right) /7  -submodule of M. Conversely, if L, (?ﬁ ¢) is a left
(right) A -submodule of M for all 0 <#<0.5, then u isan (e, € Vq) -fuzzy left (right) H ,-module of M.

Proof. Let p be an (E,e Vq) -fuzzy left H  -submodule of M and 0 <7 <0.5. Let x,y € u,. Then ,u(x)Zt and
.U(y) >t. Now Zé\ﬂyu(z) > y(x)/\y(y)/\O.S 21 A 0.5 =¢. Therefore for every z € x+ ) we have ,u(Z) >t or
zZ€ W, so X+ y C U, Hence for every a € u, we have a+ 1,  H,. Now, let x,a € yi,. Then there exists y € M
such that x€a+y and /,t(a)/\,u(x)/\O.S < /J(y). From x,a € p,, we have ,Ll(x)Zt and /,l(a)Zt, and
sot =t AtA0.5< ,u(a)/\,u(x)/\O.S < ,u(y). Hence y € u,, and this proves that p, — a+ p,. Now, let y € ,,
and x € M. Then /.l(y) 2t and so Ze/;'y,u(z) 2 ,u(y) AN0.52¢tA0.5=¢. Therefore for every z € X.y we have

y(z)Zt or ZE U, s0 X.y C L.
Conversely, let (1 be a fuzzy subset of M such that L1, (7& ¢) is aleft A -submodule of M for all 0 <7 <0.5. For every

X,y €M, we can write
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p(x)2p(x)Au(y)r0.5=1,
u(y)Zu(x)/\,u(y)/\O.Szto,
Then xep, and yep, , so x+yc U, . Therefore for every zex+y we have ‘u(Z)ZtO which implies

AN U (Z ) 2 t,,, and hence condition (1) of Proposition 4.2 is verified.

zex+y

To verify the second condition, for every a,x € M, weput f, = ,u(a) A /,t(x) A0Q.5. Then x € u, and a € M, - So there
exists ),z € [, such that xe(a+y)m(z+a). Since y,z€ l, we have ,u(y)Ztl and H(Z)Ztl or
p(y)Ap(z)=p(a)Au(x)A0.5.

Now, let x,y € M. We can write /,t(y)Z ,u(y)/\O.S =1, Then y €y, and so x.y C f, . Therefore for every

zZ € X.y wehave U (Z ) 21, which implies A U (Z ) 21, and hence condition (3) of Proposition 4.2 is verified.

zEx.y

Naturally, a corresponding result is true when 1, is a left H  -submodule of M for all f € (0.5, 1].

Theorem 4.5. Let M be an /7 -module and p a fuzzy subset of M. Then U, (i ¢) is a left (right) /{ -submodule of M for
all  €(0.5,1] if and only if

(Dpu(x)Aru(y)< A (u(z)vO.S), forall x,ye M,

zEX+Y

(2) forall x,a €M thereexists y,z € M suchthat x € (a+y)N(z+a) and

u(a)/\,u(x)s,u(y)v ,u(z)vO.S;

(3),u(y)£z€/;v(u(z)v0.5), forall x,ye M.

Proof. (=) If there exist x,y,z € M with z € x+ y such that 11 (z)v 0.5< u(x)Ap(y)=1, then  €(0.5,1],
u(z) <t, xep,,and y € y,. Since x,y €y, and p, is a left A -submodule so x+ y < p, and ,u(z) 2> t, for all
ze€x+y, which is in contradiction with f1(z) < 7. Therefore p(x)A p(y)=p(z)v 0.5, forall x,y,z €M with
z € X+ y, which implies y(x)/\ y(y) > A (y(z)v 0.5), for all x,y € M. Hence (1) holds.

zex+y

Now, assume that there exist x,,a, € M such that for all y,ze M with x, € (ao + y)ﬁ(z+a0), the following
inequality holds: ,u(y)v 0.5< ,u(ao) A /,t(xo) =t. Then t€ (0.5,1],360 €U, a, €M, and ,u(y) < t,,u(z) <t.
Since X,,a, € Y, and p, isaleft A -submodule , there exists y,,z, € U, such that X, € (ao +y0)ﬁ(zo +a0). From
YorZ9 € M,, We get u(yo) 2 t,u(zo) 2>t, which is in contradiction with ,u(yo) < t,,u(Zo) <t. Therefore for all

X,a € M there exists ¥,z € M such that xe(a+y)ﬁ(z+a) and ,u(a)/\/,t(x)S/,t(y)v,u(z)vO.S. Hence
(2) holds.
Now, if there exist X,y € M with z € X.) such that u(z)vO.S < u(y) =1, then t € (O.S,l],u(z) <t,yepu,.

Since y € , and L, is a left H -submodule , x.y < u, and u(z) 2t, for all z € x.y, which is in contradiction with

u(z)<t. Therefore ,u(y)z,u(z)VO.S for all y € M with z € x.y, which implies u(y)z A (/,L(Z)VO.S),

zEX.y

for all x, y € M. Hence (3) holds.
(C): Assume that ¢ € (0.5,1] and x,y € U,. Then 0.5<¢< /,t(x) A /J(y) < A (,u(z)\/ 0.5). It follows that for

zex+y
every zex+»,0.5<1< y(Z)VO.S andso f < ,u(Z), which implies z € u,. Hence X+ y C LI,. Now, we prove the
reproducibility rule. Let Xx,a € y,. Then by condition (2), there exists y €M such that xe€a+y and
y(a)/\u(x)S u(y)vO.S. We show that y € u,. We have 0.5<¢< ,u(x)S y(a)/\,u(x)S ,u(y)vO.S. It
follows that 0.5 < u(y) and so y € U,. Therefore p, =a+ 1, for all a € p,. Similarly, we have u, +a = u,, for all

aep,.
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Now, assume that £ € (0.5,1],)/ ep, and xe M. Then 0.5<7< ,u(y) <A '(,u(Z)\/ 0.5). It follows that for every

zex.y,0.5<tS/,t(z)v0.5 and so tS/,t(Z), which implies z € p,. Hence x.y < u,. Therefore , is a left

H  -submodule of M forall t € (0.5,1].

In [24], Yuan, Zhang and Ren gave the definition of a fuzzy subgroup with thresholds which is a generalization of Rosenfeld’s
fuzzy subgroup, and Bhakat and Das’s fuzzy subgroup. Based on [24], we can extend the concept of a fuzzy subgroup with

thresholds to the concept of fuzzy /1 -submodule with thresholds as follows:
Definition 4.6. Let 7,5 € [0,1] and 7 <s. Let 1 be a fuzzy subset of an H -module M. Then u is called a fuzzy left
(right) H  -submodule with thresholds (7, ) of M if

(1)/J(x)/\u(y)/\ss A (,u(z)vr), forall x,y € M;

zex+y

( ) for all x,a € M there exists ¥,z € M such that xe(a+y) (Z+a) and

ula)ap(x)as<p(y)vu(z)vr
)u

( ( )/\s< A (/,t(z)vr),forall x,yeM
ZEX.Y

u(x)/\s < ZE/;.y(y(z)vr), forall x,ye M.

If p is a fuzzy left (right) /4 -submodule with thresholds of M, then we can conclude that (4 is an ordinary fuzzy left (right)
H  -submodule when ¥ = 0,5 =1 and p isan (e, € vq) -fuzzy left (right) /1 -module when » =0,s =0.5.

Now, we characterize fuzzy left (right) /7 -submodule with thresholds by their level left (right) 7, -submodule.

Theorem 4.7. A fuzzy subset [t of an /7 -module M is a fuzzy left (right) /7 -submodule with thresholds (I’, S) of M if
and only if LI, (;t ¢) is a left (right) /{ -submodule of M for all ¢ € (r, S].

Proof. Let U be a fuzzy left H  -submodule with thresholds of M and ¢ € (r,s]. Let x,y € u,. Then ,u(x) 21 and

p(y)=t. Now A (u(z)vr)zu(x)/\u(y)/\sZt/\SZt>r. So for every zex+y we have

zex+y

u(z)vr2t>r which implies ‘LL(Z)ZZ‘ and z€ ,. Hence x+y C u,. Now, let x,a € 1, then there exists
y €M such that x €a+ y and /,L(a)/\/,t(x)/\sﬁ,u(y)vr. From x,a € y,, we have ,u(x)Zt and ,u(a)z

and so r<t£t/\SS/.t(a)/\/,t(x)/\SS/J(y)vr, which implies ,Ll(y)Zt, and so y € p,. Therefore we have
u, =a+u, forall a e y,. Similarlywe get y, +a =y, forall a € y,. Now,let y € 1, and x € M. Then y(x)Zt,

and so A (/J(Z)Vl’)Z/J(X)/\SZl/\SZl‘>I". So for every z€ X.y we have p(z)vr=t>r which implies

zex.y

u(z) 2t and z € y,. Hence X.y < U,. Therefore p, isaleft H -submodule of M, forall £ € (r,s].

Conversely, let 1 be a fuzzy subset of M such that p, (;t d)) isaleft H , -submodule of M for all # € (r,s]. If there exist
X,y,z€M with z€ x+y such that y(z)vr < y(x)/\/,t(y)/\s =1{. Then te(r,s],/,t(z) <t,x€ M, and
y € n,. Since y, is a left [/ -submodule of M and X,y € i, so x+y C p,. Hence u(z) >t for all z € x+ y. This
is in contradiction with u(z) <. Therefore U (x) AU (y) ASS U (Z)V r, forall x,y,z€ M with z € x+ y, which
implies U (x) AU (y) ASS A (,u (Z) \% r), for all x, y € M. Hence condition (1) of Definition 4.6 holds.

zexty
Now, assume that there exist X,,a, € M such that for all y,z € M which satisfies X, € (ao + y)ﬁ(z +a0), the
following inequality holds:

/,t(y)v u(z)vr< ,u(ao)/\,u(xo)/\s =t

Then ZE(F,S],XO € U, ,a, € U, and /,L(y) < t,/,t(Z) <{t. Since X,,a, € i, and Y, is a left /4 -submodule, so there

exists ),,Z, € U, such that X, E(ao +y0)m(zo+ao). From y,,z, € l,, we get /.t(yo)Zt,/J(ZO)Zt. This is in
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contradiction with U (y0 ) <t,u (Zo) <t. Therefore u (a) AN (x) ASS U (y) i (Z) Vv r. Hence the second
condition of Definition 4.6 holds.
If there exist X,y,z€M  with ze€xy such that /,t(z)vr < /,t(x)/\ u(y)/\s ={, then

te (r,s],y(z) <t,y € u,. Since y, isaleft [ -submodule of Mand x € 1, so x.y < p,. Hence ,u(z) 21 forall
z € X.y. This is in contradiction with u(z) <t. Therefore u(y)/\SS u(z)vr, for all x,ze M with ze€Xx.),

which implies U (y) ASS A (u (Z) \ r), for all x € M. Hence condition (3) of Definition 4.6 holds.
zex.y

Algebraic Hyperstructures and Applications, Xanthi, 1990,
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