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Hsu-structure on quasi umbilical sub manifold of
KH-structure manifold

Virendra Nath Pathak, Geeta Verma

Abstract— The purpose of the present paper is to study the
quasi umbilical submanifold of co-dimension-2 of KH-structure
manifold. Hypersurfaces immersed in an almost hyperbolic
Hermite manifolds studied by Dube [4]. On Hsu-structure
manifold have been by the Definition. We have obtained the
conditions for this sub manifold to be W-Quasi umbilical. The
paper is organized as follows quasi umbilical. In section one,
introductory part of Hsu-structure and KH-structure is defined
some useful equations. In section two, we prove that the some
theorems, definitions and corollaries in quasi umbilical
submanifold as well as Nijenhuis tensor. In the end, we have
discussed about manifold and quasi umbilical submanifold.

Index Terms— Hsu —structure, KH-structure, Riemannian
connexion, Riemannian metric, Nijenhuis tensor, W-quasi
umbilical submanifold.

I. INTRODUCTION

Definition
Let there be defined on V" , avector valued linear function F
of class C such that

F*=ad'l, 0<r<nm

where r is an integer and a is real or imaginary number. Then F

is called Hsu — structure and ~ ” is called the Hsu — structure

manifold.
Let us consider an n — dimensional differentiable manifold

n o0
M of class C in which there exists a vector valued
[e 0}
linear function F of differentiability class C satisfying
2
(1.1) F X= Cer
For an arbitrary vector field X, where a is any complex

i M"
number, not equal to zero. Then F gives to a
Hsu-
Hsu-structure manifold.

structure and the manifold is called a

Let this structure be endowed with Riemannian metric G such
that

(1.2 G(FX,FY ==a"G(X,Y)
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n
Then M

n
is called a H- structure manifold. If in M

13y Dy FIY =0

Where D be the Riemannian connexion in the Hsu- structure
- M"
manifold , then is called a KH- structure [2].

M"? frerenti :
Let be a differentiable submanifold of
co-dimension 2 of a KH-structure manifold such that

FBX=BfX+u®P+v®Q

(1.4)
s FP=BU-20,
16 FO=BV =P

n
Where P, Q are two unit normal vector fields to M ,fisa
tensor field of type (1,1) U, V are vector fields, u, v

1- forms and A isa COO function.

Operating equations (1.4), (1.5) and (1.6) by F and using
equations (1.1), (1.2), (1.4), (1.5, (1.6) and taking
the tangential and normal parts separately, we get
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i@ 94X = X +u(X)U + (X)W
(b) u(ﬂ():(ar_)vz)V(X), V(fX)Z(ar—lz)U(X)
© fU:(Clr —AZ)V, fV:(ar —AZ)U
Uu)=—(a"+ %), u(V)=0

v(V)=—(a" + %), wU)=0

(d)
(e)

n

Let g be the induced Riemannian metric in M " defined by
r

(1.8)(a) g(X,Y) =—a G(X,Y)

Also, we have

G(BX,P)=(BfX,BV)— G(BX,.0) + GuXf,BU) — GuXF,10)
+ G(VXF,BV) - G(VX0,.0)
o GB.P)= (a" +1)=G(0,0)

Then using equations (1.4) and (1.8) in equation (1.2), we get

(1.0 8UX, 1) =a" g(X,Y) —u(X)u(Y) = v(X)n(Y),
) gU,X)=-a"u(X), gV, X)=-a"v(X)

(b)

(1.10
n—r
Thus the submanifold M is a generalized {f 85U,V )“} structure manifold of a KH- structure manifold. Let D be a

n n
affine connection in M induced by the Riemannian connection of KH-structure manifold M then Gauss and
Weingarten equations are given by

DpyBY =BD,Y + H(X,Y)P+ K(X,Y)O,

DpxP=BHX +1(X)0,

DpxQ=BKX +I[(X)P,

(1.11)
(1.12)

(1.13)
Where h and k are second fundamental forms and [ is the third fundamental form defined by

def
(HX.,Y) = h(X,Y),

def
1 SEKX.Y) = K(X.Y).

H and K being the tensors of type (1.1).
Differentiating equations (1.4), (1.5), (1.6) covariant and using equations (1.1), (1.6), (1.11), (1.12) and (1.13), we get

(Dy )Y ==a* h(X,Y)U = a” k(XYW +a"u(Y)H(X) + a"v(Y)K(X),

(.14 &

1.1
EMZ (Dyu)Y =a* (X, fY)U +a* AK(X,Y) +a"V(Y)I(X),
s PxVY= 2a* WX, VU +a* K(X, fY)+a v(Y)I(X) |
(19 (DxU)Y = —a®" fHX —Aa*" KX +d" I(X )V,
120y (DxV)==a* [KX 20> HX + a"[(X)V
(a1 MXU)= a’u(H,X),
(L2 KX V)= a"v(K,X)
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1I. QUASI UMBILICAL SUBMANIFOLD OF CO-DIMENSION
Definition 2.1
Let in the submanifold

on @ M) =ag(X.Y)+ PWXOW(Y), M(X)=a(X)+ W X)W,
And

on o KX =a2(X.0)+ BWEOW(Y), kX)=a'(X)+pWXW

] !
. a, B . . MM . o
Be satisfied, where and are scalar function and W is 1-form. Then is called Quasi Umbilical
submanifold of co-dimension-2.
Definition 2.2
If in addition

0y WO =g, X),

n—r
Where W is the vector field and g is Riemannian metric then M is called a W-Quasi submanifold of class

C .

Definition 2.3

_ r_ ’
Further if a= 0’ a = O’ ﬂ > O’ ﬂ #0 and [= 0, then the W-Quasi-Umbilical submanifold is called a
cylindrical submanifold [1].

Theorem 2.1.

If the submanifold of co dimensions -2 of a KH-structure manifold M " is quasi umbilical then,
(Dy /)Y =—a* ag(X,Y)U —a* W (X)W (YU —a* a'g(X,Y)V
—d¥ BW(XW XYW +a"u@){a(X)+ W (X)W}
+a" v {a' (X)) + BW (X)W}
(Dyu)Y =a* ag(X, Y)U +a* W (X)W (fY)+a* Aa'g(X,Y)
+a®" ABW (X)W (Y) +a' V(Y)I(x),
(Dyv)Y = Aa"ag(X,Y) + Aa” BW (X)W (Y)+a* a'g(X, fY)
a¥ BWXW(Y)+a" V(Y)(X)

23 @

23) (b

23) (o

(DyU)=—a*" a(fX)—a* BW (X)W - la* a'(X) — ra* BW (X)W
23) @ +a' l(X)V,

(DyV)==aa'(fX)—a B'W (W —Aa® a(X)—a® BW (X)W
23) (o) +a"l(X)V
23 © WX, U)=a"ou(X)+a" W (X )u(W)
23) (2 k(X V)=a"av(X)+a" BW(X)uW).

Proof : In view of equation (2.1) a, b and equations (1.15), (1.16), (1.17), (1.18), (1.19), (1.20), (2.1) and (1.22), we get the
required results.
Corollary 2.1

Ifa;tO,a';tO,ﬁ:ﬁ':Oan [=0

n
d > then 1-forms u, v are projectively killing in M ie.,
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@ Px)(Y)+ (Dyu)(X) = 2a*" 2a'g(X,Y)

(2.4)
And
2r

24 (b (Dyv)(Y)+ (Dyv)(X)=2a" Lag(X,Y)
Proof: By using the condition in equations(2.3) b and (2.3) ¢, we get equations (2.4) a and (2.4) b.
Corollary 2.2

= ! = ! — _ n—r
If a=a =0, ﬂ 0, ﬁ 0 and =0, be satisfied in the submanifold M of co-dimension -2, then

(D )Y ==a? BW (X)W (YU - a* BWXOW X)W +a” Bu(Y)W (X)W
+a’ YW (X)W,

(2.5)(a)
2.5 DPx)Y = a* BW (X)W (fY)+a* ABW (X)W (Y),
osie PxVY =2a> BW (X (Y) +a> BW (X)W ()

Proof: Using the conditions in equations (2.3) a, b, ¢, we get equations (2.5) a, b, c.
Corollary 2.3

n—r = ! = = ! =
If the submanifold M , being W- Quasi submanifold of co-dimension-2 satisfies a=a O’ [)) ﬁ 0 and

= n n—r
[= 0. Then the 1-form u, v in M are killing and the vector field U, V are parallel fields in M

25) () (Dx )Y =0
o (Dxw)Y =0

2.5)

es  ® Px¥=0
es @ PxV)=0,
es @ PxV)=0
es o MXU)=0
0s o HEXI)=0

Proof : By using a=a'=0,f=4"=0 and [ =0 i equations (2.3) a, b, ¢, d, e, f, g, we get (2.5)d, e, f, g h, L.
Theorem 2.2

n—r
In a generalized cylindrical submanifold M of co-dimensional -2, we have

26 (@ DPxw)Y —(Dyu)X =a” B (LW (V) =W (X)W (fY)]
And

co o DY =Dy X =a® BIW (W (¥)~W (X)W (fY)]

Proof: From equation (2.5) (b) , we have
(Dyw)Y =a® BW(XOW(fY)+a> ABW (X)W (Y),
(Dyu)X =a* BW W (fX)+a* AB'W (Y)W (X).

Now subtracting the above two equations, we get equation (2.6)a. This proof of equation (2.6) b follows in the same

manner.
Theorem 2.3

n—r
The Nijenhuis tensor of W-Quasi umbilical submanifold M of co-dimension-2 of a KH-structure manifold with

generalized {f 85UV, A } structure is given by
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N(X,Y)=-a"ag(fX,Y)U —a® BW (X)W (YU -a” a'g(fX,Y)V
—a® BW (W YW +a"u(¥)a(fX)+ BW (X)W
+a" v () + BW(XOW f+a™ ag(fY, X)U +a* BW (/YW (X)U
+a” ag(fY, X)W +a” BW( YW (X)W —a"u(XNa(fY)+BW (/YW |
—d" V(X (NBW (YW - fl-a"ag(X, 1)U —a® BW (X)W (Y)U
—a¥a'g(X, YW —a® BW (XWX +a" v(y)a(X)+ X)W}
+a" V(' (X)+ BW (X)W }+ fl-a* ag(X, YU —a* W (YW (XU
—a¥a'g(Y, X)W —a* WX W (X)W +a" u(X)a(Y)+ W)W}

@n +a'V(X)ia'(V)+ BW (X)W |]

Proof: Let N be the Nijenhuis tensor corresponding to the tensor field fin M" , given by
gy VXD =Du ) =Dy X) = [(Dx HX) + [ (Dy )X

In view of equation (2.3) a and (2.8), we get the required result.
Theorem 2.4

n—r n

The Nijenhuis tensor of a generalized cylindrical submanifold M of co-dimension-2 of a KH-structure manifold M is
given by

29 (@

N(X,Y)=a”" BIW (fu)W (X)U — W (X)W (YU + W (X)W (Y)(fU)
—W@XW (X)) fU)]+a” BTW(fi W (X)W =W (X)W (Y)W
—WXOW W -WXW X)W ]1+a" BIW(XWu(Y) —u( X)W (fi)W
+u (VW (X +u(XW W]+ a" BTV OW W =V (XOW( fi)W
+V O (X + V(X)W (VW]

9 o NXY)= a"a[-g(fX,V)U + g(fY,X)U + g(X,Y)(fU) - g(¥, X)(fir)]
+a"a'[-g(X, Y)W +g(fY,X)V +g(X, V) V) +g(¥,X)(fV)]
+a’ [u(Ma(X)+v(¥)a' (X)) —u(X)a(f¥)-v(X)a'(fT)

+oag(X, V()] +a" flu(M)a(X)+V(Y)+a'(X)—u(X)af (Y)
—V(X)a'(Y)].
o NN =0

a=a'=0, p#0,B"#0

2.9)

’ _n'_
Proof: By  putting and a#0,0 #0, ﬂ o ﬂ =0

and also

a=a = ﬁ o ﬁ =0 in equation (2.8) we get the required results (2.9) a, b.
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III. DISCUSSION

Manifold are important role of dealing the extended of
n-dimensional space of modeling heavenly body because it is
construct the higher dimensional space and they allow more
complicated structures. We can easily calculate all structure
and spaces of manifold from quasi umbilical submanifold. A
point of a quasi umbilical submanifold in the neighborhood of
which all this lines of curvature indeterminate (not fixed).
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