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Cartesian Product of K- Hsu-Structure Manifold

Geeta Verma, Virendra Nath Pathak

Abstract— Cartesian product of two manifolds has been
defined and studied by Pandey [1]. In this paper we have
taken Cartesian product of k-Hsu-structure manifolds,
where k is some finite integer, and studied some
properties of curvature and Ricci tensor of such a
product manifold.

Index Terms—: k-Hsu-structure Manifolds,
generalized almost contact structure, KH-structure.

I. INTRODUCTION

Let M 1 M D geennens M k be k-Hsu-structure manifolds

each of class COO and of dimension 11,17 ,......... SN
respectively. Suppose
(M1)m1,(Mp)my,........,(M | Ymj be their
tangent spaces at

mieM, M2 eMos,........ ,mf € M, then the
product space

(M1)mp x(Mp)m)p X....c......... X(Mj ymy
contains vector fields of the form (X 15 X D searees , X k ) ,

where

(1.3)

F(X1,X0e X)) =(F1 X1, 12X oo, F X))

where F 1, F D gennens ,F k are linear transformations on

(M] )m1 , (M2 )m2 geensens 5 (Mk )n’Ik respectively.
If f 1s f Dgeeees , f k be C ®© functions over the spaces
(Ml )m1 , (M2 )m2 grrnenes , (Mk )I’I’lk respectively,
we define the COO function fl , f2 gernens , fk on the

product space as
(1.4)

(fl:fZ» """ 9fk):(X1f1’X2f2’ """ ’kak)

Let D] , D2 geeenns s Dk be the connections on the
manifolds M 1, M D genrenn , M  respectively. We define

the operator D on the product space as
(1.5)

X1 eM)m, X e(Mp)mp,.......... Xk € (%fgi'yzk...,Yk)z(Dlxllq, D)y V2w Dy Yi)

. Vector addition and scalar multiplication on above product
space are defined as follows :

(1.1) (X1, X05eees X)) +

X1+, X2+, X +Yg),
1.2)

MX1, XD X)) = (A X[, A XD e s AX )

where Xl',Yl' e(Mi)ml-, i=1,2, ....... ,k and

A is a scalar.
Under these conditions the product space

(Mp)ympx(Mp)m) X....uu.... X (M )ymy

forms a vector space.
Define a linear transformation F on the product space
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Then D satisfies all four properties of a connection and thus it
is a connection on the product manifold.

II. SOME RESULTS

Definition Let there be defined on Vn , a vector valued

linear function F of class C such that

2 r
F~=a Iy 0<r<n
where r is an integer and a is real or imaginary number. Then F
is called Hsu — structure and Vn is called the Hsu — structure

manifold.

Theorem 2.1 : The product manifold
M 1 X M 2 X x M k admits a Hsu-structure if and

only if the manifolds M 1, M D genrene 5 M k are
Hsu-structure manifolds.
Proof: Suppose M 1 ,M D peeennn ,M ) are Hsu-structure

manifolds. Thus there exist tensor fields
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@ F2ixp)=d"X;, i=12,k

Where a is any complex number , not equal to zero.

In view of equation (1.3) it follows that there exists a linear transformation F on M 1 X M 2 Xeoenne. x M k satisfying
2 2 2

@2) F2X]. X i Xj) = (FP X1 Py X e FE X )

=a" (X, X2 X1)

Thus, the product manifold admits a Hsu-structure.
Let us define a Riemannian metric g on the product manifold M 1 X M 2 Xanee. x M k as

s a’ g(X1, X9 eeis X1 ), (Y, Y20 Y ) = a’ g1 (X1, 17) +a" g2 (X2,12)

where @71,92 5eeeeeenenns &g are the Riemannian metrics over the manifolds M 1s M D geennens , M k tespectively.
If 5 1» 5 D geennens , 5 ) be vector fields and 111,71712 ,.-..... >N} be 1-forms on the Hsu-structure manifolds

M 1, M D gernnns M J respectively, then a vector field é and a 1-form 1] on the product manifold

M, M»,....... o, M [ is defined.

We now prove the following results.
Theorem 2.2 : The product manifold M 1 X M 2 X.uwee. x M k- admits a generalized almost contact structure if and only if

the manifolds M 1s M D gecenees , M k possess the same structure.
Proof: Let M 1, M D peennes , M  are generalized almost contact manifolds. Thus there exists tensor fields F; i of type
(1,1) vector fields él and 1-form. 77, i = 1,2, ......... , k satisfying
2 r
(24) Fr(Xj)=a X +ni(X}) ¢,
For product manifold M 1 X M R ST x M k-
2 2

Fo(X1,X2,es X)) =(F1° X1, F

By the help of equation (2.4), takes the form

F2(X1,Xza ----- Xi)=a (X1, X9 e Xp)+ (1 (XD ELN 2 (X2) ek (X1 ) ER)

or

@5) F2(X)=a" X +1(X)E.
Hence the product manifold admits a generalized almost contact metric structure. [2].
Theorem 2.3 : The product manifold M 1 X M 2 X, x M k admits a KH-structure if and only if the manifolds

M 1, M D yenrenns , M k are KH-structure manifolds.
Proof: Suppose M 1, M D peennes , M ) are KH-structure manifolds. Thus

(D1, FO() = (D2, F2)(¥2)
=Dk, Fi)Yk)
=0

As D is a connection on the product manifold, we have

(2.6)

6 Wwww.ijerm.com



International Journal of Engineering Research And Management (IJERM)
ISSN : 2349- 2058, Volume-03, Issue-02, February 2016

=0.
Thus, the product manifold is KH-structure manifold.
Theorem 2.4: The product manifold M 1% M 2 Xeenen. x M k of Hsu-structure manifolds M 1 ,M D senennes ,M k is

almost Tachibana if and only if the manifolds M 1> M D seneenas . M J are separately Tachibana manifolds.

Proof: Let a Hsu-structure manifolds M 1s M D gecenees , M J are almost Tachibana manifolds. Then
e8  (Di, F)(X)+(Dy, F)(¥)=0,  i=12,....k
i i

3. Curvature and Ricci Tensor

Let X = (Xl 5 X2 geseres , Xk) and ¥ = (Yl 5 Y2 yeeeees 5 Yk) be COO vector fields on the product manifold

MIXM2>< ....... XMk andF=(f1,f2, ...... ,fk)bea COO function. Then
(X1, XD e XE )y (Y1, Y2 e s YOI S 2 e eees ST )
= (X1, X0 oo Xi AN Y2 e S YIS 20 S — (X1, Y250, V)

= (XN 110X 2. 2112 0o [ X e Y 1 -
Suppose K i (X is Yl 5 V4 i ) , 1= 1,2, ..... , k be the curvature tensors of the Hsu-structure manifolds

M I,M D ecrones M  respectively. If K (X Y, Z ) be the curvature tensor of the product manifold

MIXM2>< ....... XMk.Thenwehave

32 K(X,Y,Z2)=[K1(X1,11,21), Ko (X2,Y2,Z9),.......... K (Xi, Y, Zg )]

itW = (W] , W2 geeees Wk )be a vector field on the product manifold, then

(3.3) K'(X,Y,Z,W)=g(K(X,Y,Z,W)),
K'(X,Y,Z,W)=K{(X1,11,21, W)+ K5(X2,Y2,Z2, W)+ ecevvvenne

(3.4) ,
+ K (X Yee, Zie s W)
Thus, we have
Theorem 3.1 : The product of manifold M 1 X M 2 Xeeeennn x M - is of constant curvature if and only if Hsu-structure

manifolds M 1> M D secenees , M k are separately of constant curvature.

Theorem 3.2 : The Ricci tensor of the product manifold M 1 X M 2 Xeeeeunn x M - is the sum of the Ricci tensor of the
Hsu-structure manifolds Ml 5 M2 geeaeens ,Mk .

Theorem 3.3 : The product of manifold M 1 X M 2 Xieeuns x M k is an Einstein space if and only if the Hsu-structure
manifolds M 1 ,M D genennes , M k are separately Einstein space.
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Proof : Let the product manifold M 1% M 2 Xenen. x M k be an Einstein space. Thus
G35  Rie(X,Y)=Cg(X,Y),

Where C = —,K being the scalar curvature and n being the dimension of the product manifold. Then
n

Ric(X;,Y;)=Cg;(X;.Y;), i=12, . k.
Therefore the manifolds M 1, M D gerenns M J are also Einstein spaces.
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