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Complex of Lascoux in Partition (6,5,3)

Haytham Razooki Hassan, Noor TahaAbd

Abstract—In this paper ,the complex of Lascoux in the case of
partition (6,5,3) has been studied by using diagram divided
power of the place polarizationag.‘) ,Capelli identities and the
idea of mapping Cone.

Index Terms—Divided power algebra, Resolution of Weyl
module ,place polarization, Mapping Cone.

I. INTRODUCTION

Let R be a commutative ring with 1,F be free R-module and
D,,F be the divided power of degree n[1]. consider the map
Dy kF®Dy_F —» D,FRQD,F , this map is a place
polarization from place one to place two where place one
and two.

are denoted by D,,xF and D, F respectively ,and the
map 955:D,F®D,,F®D,_ F — D,F®D,F®D,Fis the
place polarization from place twoTo place three [2 ]-[4 ]. In
this point we can also ask for the identities in case such that

d,,03, Where three places have been looked , so we get to
use the following equation

05, 0 93 — 93y 0 05 = 957 (11)
This is a typical Capelli identity [5][6][2] More than a§’;> °
039 = Tano O 0055 0 05 where 0 =1
(1.2)

In general the divided of a place polarizations satisfy the
following identities in case of k # i

ai(jr) ° 6].(;) = La20 aj(lf_a) ° ai(jr_a) ° ai(lg) (1.3)
0 00 = Taao(~1)" 0 o0 0 (14)
050 0 05 = 05 0 35y (15)
05y 0 05 = 057 0 95 (L6)

Buchsbaum in 2004 modified the boundary method [5]. he
and author [6]. studied the complex Of

Lascoux (characteristic zero)in the
(2,2,2),(3,3,3)'respectively, also the author in[7].
studied a complex of Lascoux (characteristic zero)in the
partition(4,4,3)using this modified method and a technique
of Letter place methods[7]. and Mapping cone[8]. obtain
characteristic zero.
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Il. THE TERMS OF LASCOUX COMPLEX IN THE CASE OF
PARTITION(6,5,3)

A. The terms

The terms of the Lascoux complex are obtained from the
determinantal expansion of the Jacobi-Trudi matrix of the
partition .The position of the terms of the complex are
determined by The length of the permutation to which they
correspond [5][6]. Now in the case of the partition 3 =
(6,5,3) we have the following matrix:

D,F D,F D,F
[D7F D.F D,F
DgF D4F D,F

Then the Lascoux complex has the correspondence between
It's terms as follows:

D¢F®DF®D,F « identity

D,F®D,F®D,F < (12)

D,F®D,F®D4F « (23)

D,F®D,F®DgF < (123)

D,F®DF®DgF « (13)

D, F®D4F®D,F « (132)

So ,the complex of Lascoux in the case of the partition
2=( 6,5,3) has the form:-

DgF®D,F®D,F D,F®D,F®D,;F
DgF®DF®D,F - @ - ® — D4yF®DF®D,F
D,F®D¢F®D, FD,FRDF®D,F

B. The Complex Of Lascoux As A diagram
Consider the following diagram:
DeF®D¢ F®D,F = Dg FRD,F®D,F — D,F@D,F@D;F

klls kzl H kgl

D,F®D,F@D,F — DF®DF®D,F — DF@DsF®D,F

So, if we define

n,: DgF®D:FRD, F — DgF®D,FQD,F

asn,(v) = 63(,;) (v)Where v € DgFQDsFQD, F

ky:DgF ® DsF @ D,F » D,F @ D4F ® D,F

as ky(v) = 05 (v) ; Where v € DgF ® DsF @ D, F

and

ky:DgF @ D,F @ D,F — DiF ® DyF @ D,F

as  k,(v) =02 (v) ; wherev € DgF ® D,F @ D,F
Now ,we have to define the map

my: D,F @ DgF & D;F - DgF @ DgF @ D,F

Which makes the diagram S commutative i.e.
myoky =k;on,

Which implies that m, o {2 = 8 o 32
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Now if we use Capelli identities (1.2)
o <0l =0 002 - oY < of)

= o5, 005y —951) o 95

Thus, m; =285 o a7 — 0%V

2
On the other hand, if we define

my: DgF @ DgF @ D,F = DgF @ DsF @ D;F

as m,(v) = 63(;)(17) ;where v € DgF @ DgF @ D, F
and k3: D,F ® D,F @ D3F — DgF @ DsF ® DsF
asks;(v) = 62(1) (v) ;wherev € D,F @ D,F Q D;F
Now we need to define n,to make the diagram H

we get:

commute  n,:DgF @ D,F Q D,F - D,F @ D,F @ D;F
Such that
. 1 1 2
k3 o le = mz o kz l.e. 62(1) o le = 6§2) o 62(1)

Again by using Capelli identities we have
087 00 = 0P e o + o) e ol

=057 0 G35y 0 95 +057)
Then n, =85} 0 85 + 85,

C. Diagram
Now consider the following diagram:
DeF®DsF®D, F — DgF@D,F@D,F 5 D,F®D,F®D5F

k,E p ks
! -
D,F®D F@D,F — DgF®DF®D,F — Dy F@DsF®DsF

Define p: D,F @ DgF ® D; » D,F @ D,F @ D;F
By p(v) = 2 (v) ;wherev € D,F ® DgF @ D;F

. MATH

Proposition 1.The diagram E is commutative .
Proof:
To prove E
ny,on,=Pok;
1
npomy = (505, ° 93 +05,) 0 05
=0 0ad + Y00 from(12) we have
— 7@ ® €Y) (1) (€Y) (€Y)
= 033 © 0y — 03y © 03" + 031 ° 03,
— 3@ 4@
=033 ° 0y
=Pok, mi
Proposition 2. The diagram F is commutative .
Proof :
my omy = 83, e (305, 0 05y’ — 051)
= agi) ° 62(1) - 63%) ° aﬁ) from(1.2) we have
— (M () ® ¢Y) D, 4D
= 0y; © 035 + 051" © 05y — 035" © 035
—_ ;@ @)
= 0y © 03,
= k3 oP O
Finally ,we can define the maps a;, g, and a; where:
DgF®D,FQD,F
03.DgFQDsFRD,F — @
D,F®D;FQD, F
DgF @ D,F @ D,F  D,F @ D,F @ Ds
0,: &) - D
D,F @ DgF @ D;F D¢F @ DgF @ D,F
and
D,F @ D,F @ D;F
oy ® — D¢F @ DsF @ Dy

is commutative, we need to prove
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D¢F @ DgF ® D,F
by ¢ 05(x) = (ny(x), k1 (x)); Vx € DgF @ DsF ® D,F
o 52((X1:X2)) = (nz(x) - p(Xz)): m, (xz) — ka(x4);
DgF @ D,F ® D,F
V(x,x,) € ®
D,F ® DiF @ D,F
'0'1((x1,x2)) = (ks(x1) + mz(xz))}
D,F @ D,F ® D;F
V(xq,x,) € @
DoF @ DgF ® D,F o

Proposition 3.

DgF®D,FRD,F
0- DsF®DFODF 3 @ 3
D,F®DcF®D,F
D,F®D,FRD;F
@ 3 DF®DF@D,F
DgFQDcFQD,F  Is complex
Proof :

From the definition we know that 63(;) andaﬁ) are
injective [2],then

We get a5 is injective. Now

03 0 03(x) = 0, (ny (%), ky (1)) = 0,(853) (%), 05 (x))
= (0,0 (1)) — PSP (), my (57 () — k(953 (x)))

Now

n2(35) () — P57 (1)) = G oy o 65 +65) o
35, () — 857 0 0 (%)

=(05y 0 053 + 05 0 95, — 957 0 05, (x)

=03 0 05y — 05 0 057 + 85y 0 05} — 053 0 87) (x)

=0

and

m, (85, (0)) — k(05 () = G o5, 0 95y — 857 o
35y () — 857 0 05 (x)

= (05 0 03 — 05 0 95y — 057 0 95,) ()

=(057 0 05 + 057 0 057 — 95y 0 05} — 857 0 8N (x)

=0

So we have (o, 0 03)(x) =0

and

(g9 0 02)(x1, %2) = 01 ((ny (%) — P(x3)), my(x,) —
k, (x1)

1 1

=0, (G gy 0 05y + 05)) () — 03 (x2), G057
oy — 00)(x,)02 (x,))

=05y CofY 0 0 + 95 (ry) — 053 0 05 (ap) +
305 a5y 0 05y — 051 ()
—0%y 0 02 (1) =0 0 07 + 05y 0 0 — 03
az(i))(xﬂ +
(053 057 — 955 0 05y — 85y 0 0) (x2)
But

() 1) _ 4@ () (€] 1) 4(2) 1) _ 4@
0,1 © 035" = 035 ©0,7" — 01" 0037035 ©0py =0py " ©
(2) (1) (1)

035 + 035" ° 035
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Which implies that (1 0°05)(x1,%,) =0
0.
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