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GENERALIZED FRACTIONALCALCULUS OF THE GENERALIZED HURWITZ-
LERCH ZETA FUNCTION

Jitendra Daiya, Jeta Ram

Abstract—This paper deals with the derivation of the
generalized fractional differentiation and generalized
fractional integration of the generalized Hurwitz-Lerch
Zeta function defined and studied by Srivastava et al
[16]. Representations of such relations are obtained in
terms of Riemann-Lioville integrals.
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INTRODUCTION

This paper is devoted to the investigation of the
generalized Hurwitz-Lerch Zeta function defined by
Srivastava et al [16]
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it being understood conventionally that O 0 1.

For [ r 1,(1)yield the generalized Hurwitz-

Lerch Zeta function defined by Lin and Srivastava
[6].
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Further we set » s k 1, (1) yield the

generalized Hurwitz-Lerch Zeta function studied by
Garg et al [3] and Jankov et al [5] as follows:.
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when s k land ! =n , (1) yield the

Hurwitz-Lerch Zeta function studied by

Goyal and Laddha [4, p. 100, Equation (1.5)] as
detailedbelow
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Lemma 1 [16, eq. 3.5, p 498] the generalized Hurwitz-Lerch Zeta function in term of H - function

( s, (n) ﬁ;é Z(1 L,r;D),0 ms;1),(1 a,l;s). )
e ) (m = 0,D),d =z, k;D,( a,l;s)

For further details about Hurwitz-Lerch Zeta function the reader is referres to the Srivasatava [13], Srivasatava et al
[14] and Saxena et al [10]

FRACTIONAL CALCULUS OPERATORS

For a € C (R(OL) > O) the Riemann-Liouville left and right-sided fractional calculus operators are defined as
follows (See [9])

[Ig+fj(x)=r(1a) (j) = _igtl)—a ac - x>0 (©)
(Igf)(x)zr(la)of (t_i()tl)_a ac > X>0 ™)
and
[Re (o)1
(D8+fj(x)=[%J 1 (IB—+a+[Re(a)]fj (x)
[Re (e )+1] x
_(i) F(I—a:[Re(a)])g (x_t)fa(t[Lew) de - x>0 @
[Re(a)e]
(D% 1)) = [_%]R 1 (11_-a+[Re(a)] e
[Re()e1] .
:(_dij r(l—aj[Re(a)])I (t—x)f“(E%RE(a)] a . x>0 0

where [Re (Oc)] is the integral part of Re (OL)
For a,B,n € C and x > 0 the generalized fractional calculus operators given by Saigo [8] are defined as

x %P

X . t
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(LTl Rl 0in=[rewl)
(I?’B’nf)(x) :Loft_o‘_B (t—x)o‘_1 2F1(0€+[3,—11 ;oc;l—)t(j f(t)dt [Re(a) >0]

=(—diJ (Iginﬁ nnf)(x) (Re(a)<0;n:[Re(—a)]+l) (11)
( aanj(X)_L a, Ba+‘1)f(x) [Re(a) >0 ]

- (a5 (@77 P e o (Refa) 03 <[Re(a)]) o2

(D8P oo = (12PN e(x) - [Re(w)>0]
=[ di)n(l o+n,-p- noc+nf)(x) (Re(a)>0;n=[Re(a)}+1) (13)

F (a,b,c; Z) is the Gauss hypergeometric function defined for complex parameters a ,b,c,e C (c =0,-1,... )
by the hypergeometric series

(@b s 7) = f @hfﬁi (14)

with converges absolutely for 7 <1 and for |z =1, it Converges for R (c—a-b)>0; (see[l,2]). Fora detailed
account of hypergeometric function. [See (7, 12)].

Note 3: Inequalities associated with Cebysev functional for Saigo fractional integration operator defined are given by
Saxena et al [11].

The generalized fractional calculus operator (15), (16), (17) and (18) coincide
if B = —a with the Riemann-Liouville operators (6) — (9) for Re (OL) >0:

(152907 Jeo {15, 7 Jeo 09
(=N s oo (oo, o
(D53 Joo=(0f, 5 oo a7
(D57 Joo=(pf_s oo a9
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3. RESULTS REQUIRED IN THE SEQUEL

Lemma 1. we have [9]

a’B’n A-1 _ r(}\‘)r(}\’—i_n_ﬁ) A-p-1 19
(IOJF t j(x)_Fk—BF(X+a+n)X (19

where o,B,1,A € C, Re(oc) >0, Re(x) > max[O,Re(B—n)]
Lemma 2. we have [9]

B o Yy TB+M)TM+A) 20
(I— ' )(X)_Fk)r(a+ﬁ+n+k)x e

where o, 8,1, Ae C, Re(ar) > 0, Re(A) < min[Re(B),Re(n)] -

Lemma 3. Saxena et al [13] introduced following form

[Da,a',ﬁaﬁ',vtp—l)(x): FETpta-plptata+p-y) pra+a’-y-1

(21
0+ T(p-P)T(p+a+a’ -y (p+a+p'-7)

where Re(r) O,Re(r a b) O,Re(r a a b g) 0, (x 0).

Lemma 3. Saxena et al [13] introduced following form

oo ,B, By p—lj _ o F(-a-a'+y-p)T(1-o'=B+y-p)T(1+p'~p) pra+a'~y-1
(D_ t (=60 [(1-p)L(I-o—a'~B+y-p)T(1-o'+p'~p) ¥ (22)

where Re(1 & r) O,Rel »r a b g) O,Re(l » a a g) 0,(x 0)
Theorem 1: Let / , m cn \ ;r.s Lk , further let a,f,m € C

0o »°

with Re (¢)>0,&>0,Re (8)>0,ae C, Re(y) > max[O,Re(ﬁ—n)J. For x>0 there holds the formula

5

— y-p-1 r
b {ti Lol o ,s,a)} )
0‘|‘ A,u,v l"(/l)l"(u) 5,

s| g |A=4 oD, (= p,050),(1=y,6:1),(1=y + f =1,5;1), (1=a,1;5)
5| ~bx v (= D=y —a—-n.ED-als) | (23)
0.1, (A=v,kD),(A=y +p,&:1),(-y —a-n.&:1)(=a,1;s)

Proof :- Using equation (1), (5), (10) and (19), we have
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Theorem 1 is thus proved.

For B = — in Theorem 1, it gives the result in terms of Riemann-Lioville fractional integral operator as follows:

Corollary 1.1

l:i 1 (pak)( £ )} :xy—ﬂ—lr(v) 1.

I(l 1,4
CA () *

0 {—bx‘g (I_A’P;l)’(l‘#=<’§1),(1—%§;1),(1—a,1;s)}
_I_

(0,1),(1—\/,](;1),(1—7/ +ﬂ’é;1)a(_a,l;s) .

For A= p=IinTheorem 1, it gives the following Corollary in terms of generalized Hurwitz-Lerch Zeta function

Corollary 1.2

—-B-1
apnl A-1 ok, ¢ :xy F( )*
It [t Q)‘u’v(bt ,s,a)} 71"(),)1“(;1) H —bx*

— w050, (1-7,&D),(1-y + B-1,&1), (1-a,L;s) }
(o 1) A-v, k1), (-7 +B,ED,(1-y —a—n,& 1), (=a,1;s) ||

Theorem 2: Let / | ) N\, 7r.sLk , further let a,B,neC

with Re (a)>0,£>0,Re (8)>0,ae C,Re(y) < mm[Re(ﬂ),Re(n)]. For x>0 there holds the formula

-p-1 . . . . .
Ia,ﬁ,n[tﬂ«—l (p,o k) blg, , j| :xJ’ F(V) 5| g & (l_iapal)a(l_uaaal)a(y_ﬂa_évl)’(y_nv_éal)a (1—61,1,5)
0- Py F50) T(A) () 53 7 0, (v, k), (ra=E:D, (7 == B = =E: (= L) | @)

The proof can be developed on similar lines to that of Theorem 1 .

For 3 = — in Theorem 2, it gives the result in terms of Riemann-Lioville fractional integral operator as follows :
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Corollary 2.1

7P (v) - 1= 2, p;1), (1= 03 1), (7 + @, =3 1), (1-a,1;
18_|:tl_1 (I)Elpf‘;k)(bté,s,a)} :x (V) R |:_bx§ ( > Ps ):( H,0; )5(7/ a, ga )s( a, aS)j|'

M N ) 1,4
rr(p) —** 0,1),(1-v, k1), (7,~&;1), (-, 1;5)

For A = p=IinTheorem 2, it gives the following Corollary in terms of generalized Hurwitz-Lerch Zeta function

Corollary 2.2

() (L, (1- 03D, (7 = BB (7~ =D, (1—a, )
afn| . A-1 ok & :X LS| g &f\b) H,050),(Y >3,y =1,—651), >4
i e s T HS’{ & (0,1),(l—v,k;l),(%—é;l),(y—a—ﬁ—n,—é;l),(—a,l;s)}'

The following two Theorems can be proved in a similar manner.

Theorem 3: Let / | 2 ) \ o 7.sLk , further let o,B,neC
with Re (a)>0,6>0,Re (B)>0,aeC,n :[Re(aﬂ+l, Re(y) > max[O,Re(ﬁ—n)]. For x>0 there holds the

formula

+p-1 . . . . .
D(I,B,T] A-1 (p,o,k) b 5’ , :x}’ F(V) S| g & (1—/l,p,l),(l—,u,cr,l),(l—}/,ﬁ,l),(l—;/—a—ﬂ—n,g,l), (l—d,l,S)
0t [t Pipw O a)} T(A)T(u) A5 0=yl -y - BEDL 1=y -n&Dy(caks) - (25)

For B = —a in Theorem 3, it gives the result in terms of Riemann-Lioville fractional integral operator as follows :

Corollary 3.1
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For A = p=1IinTheorem 3, it gives the following Corollary in terms of generalized Hurwitz-Lerch Zeta function

Corollary 3.2

r+p-1
— k X I'iv) =
Dg’f’” [tl 1 o7, 0 ,s,a)} YTl Hg: {—bxg

) ALD. (1= 03D, =y, &0 A~y ~a = f-n.&D), <1—a,1;s>}
(W) () '
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Theorem 4: Let / , m ) N\, sr.sLk , further let o,,n e C
with Re (a)>0, Re (8)>0,£>0,aeC,n :[Re(a)}ﬂ, Re(y) < min[ Re(ﬂ),Re(n)J For x>0 there holds the formula

+p . . . . .
DU.,B,T]|: -7 p,ok bg, , :| _ X! F(V) S| g €& (l_iapal):(l_,uﬂavl)a(l_}/+ﬂ’§51)=(1_}/_a_nagﬁl)v (l—a,l,s)
0= " P 059 T (A (1) 5|71 0=, (=D, (1 By -n. D aks) (26)

For f3 = —a in Theorem 3, it gives the result in terms of Riemann-Lioville fractional integral operator as follows :

160 WWW.ijrem.com



International Journal of Engineering Research And Management (IJERM)
ISSN : 2349- 2058, Volume-03, Issue-04, April 2016

Corollary 4.1

y-a _ . _ . —y— . — a1
Dg_Pﬂ/QEifwﬁﬁﬂﬂ::x F@)Eﬁi{%wga AP (- sD) (-7 —au &1, &Lﬂ}
i T (u) " (0.1, (=v. k1), (1=, &) (-a.ss)

For A = p=1Iin Theorem 3, it gives the following Corollary in terms of generalized Hurwitz-Lerch Zeta function

Corollary 4.2

r+B _
Dg’B’n[t_l o7 (bt ,s,a)}zx ) s
- v Lo (n)

GJ%O—MGJLO—7+ﬂ£ﬂLO—V—a—méﬂxO—%k@]
(071):(1_Vak;l),(l_?”‘f;l)z(l+ﬁ_V_W,éél),(_a,hs) .
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