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Formulations on the Advanced Notions in Analytical
Dynamics of Mechanical Systems

Iuliu Negrean, Kalman Kacso

Abstract — This paper is devoted to the presentation of
formulations on the advanced notions that are used in the
analytical dynamics study of the mechanical systems. In the
advanced notions the acceleration energies of higher order, also
named “Kinetic energies of the accelerations of higher order” are
included. In Newtonian dynamics studies, the kinetic energy is
used as a central function in Lagrange - Euler equations. Using
the main author's researches, this paper extends the study by
developing the acceleration energies of first, second and third
order. The analysis, performed in this paper, highlights the
importance of acceleration energies of higher order in the study
of dynamic behavior of mechanical systems with suddenly
movements, as well as in the transient phases of motion. They
will be implemented in the differential equations of motion of
higher order (at least two). In these situations, the higher order
time variations of the linear and angular accelerations are
developed. Integral part of the mechanical systems is the
mechanical structure of the serial robots. As a result, in the final
part of this paper, an application on a serial robot that
emphasizes an essential aspect regarding the time variation law
of the acceleration energies of higher order, as well as their
importance in the dynamic behavior will be presented.

Index Terms—Acceleration energies, analytical dynamics,
multibody systems, robotics.

I. INTRODUCTION

This paper is structured in two main parts. The first one is
focused on a few formulations, in the analytical dynamics of
multibody systems (MBS), when they are characterized by
suddenly movements (when the linear acceleration greater
then g - gravitational acceleration), and the transitory

motions. It demonstrates theoretical and experimental the
existing of the acceleration energy of higher order. On the
basis of the main author's researches the acceleration energies
of first, second and third orders will be presented in both
explicit and matrix form. They will be integrated into
differential equations of motion in higher order, which will
lead to variations in time of generalized forces, which
dominating these types of mechanical systems. The last part is
an application in which the theoretical aspects presented in
this paper are used to obtain the acceleration energies of
higher order for a serial robot of type Fanuc.
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II. ADVANCED NOTIONS IN ANALYTICAL DYNAMICS

The phrase, entitled “advanced notions” founded in the
analytical dynamics, is focused in this paper on the energies
whose central functions are referring to the accelerations of
higher order. They are developing in any suddenly and
transitory motion of the mechanical systems. Leading to
Appell’s function, highlighted in 1899, also named “the
kinetic energy of the accelerations” [9], the main author has
been developed a few mathematical formulations on the
expressions for acceleration energies of first, second and third
order [4], [6],]7]. They will be presented, in explicit and
matrix form, and the kinematical parameters will be
expressed, using matrix exponential functions [3], [5], [9].

The starting equation is written in the generalized form as:
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Fig. 1 A kinetic ensemble from MBS

www.ijerm.com



Formulations on the Advanced Notions and Principles in Analytical Dynamics of Systems

(p+
el 8-
(p+1)
Trace{ S[RY[ [T 77 -dm+

lMB

I
2
+'5, 5 +[am ] SIRT

@

(p+1) (P+1)
+— ZTrace p - B |-[dm=
(p+1)

(p+)
n . . .
> Errace{?[R]-['/;i M ] ‘?[R]T}+

p+1) (p+1)
+— ZTrace b -p M,

Cons1der1ng the symbols from “Fig.1”, refer to “(1)” it defines
the acceleration energy of order " p=1,2,3,..." for a kinetic
ensemble "i=/—n" , belonging to MBS, while refer to
“(2),” it is corresponding to whole mechanical system. The
symbols, included in (1), (2) and “Fig.1” have the
significances: "(p)"” and "(p+1)" is the order of the

absolute and time derivatives; 'r* the position vector of the
elementary mass "dm” relative to reference frame {l}

applied in the mass center; (’)TC/, the position vector of the

mass center projected on {()} or { } reference frame; [R]

the rotation matrix between the two frames above mentioned.
Whereas MBS is characterized by "n" degrees of freedom
(generalized coordinates), they are included in the column
matrix 0 (f) = (g;(t), for i=1— n’ , as well their time
derivatives. “Using (1) and (2), in the following of the first
chapter, the expressions of for acceleration energies of first,
second and third orders will be presented, in explicit and

matrix form”.

A. Acceleration Energy of First Order

According to the scientific literature [1], [2], [6]-[10], in
1879, Gibbs defines the differential equations of motion, on
which, in 1899, Paul Appell performs a detailed study. As a
result of this study were deduced the equations known as
Gibbs-Appell which are applied for holonomic and
nonholonomic systems, where the role of the kinetic energy was
substituted by the acceleration energy also known as Appell’s
function or “kinetic energy of acceleration” [9]. Unlike the
studies, above mentioned, in the paper [4] and not only, the
main author was established the acceleration energy in a
generalized form, corresponding to a MBS and it was named
acceleration energy of first order. “Starting from (1) and (2),
equation for defining the acceleration energy of first order is™:
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After significant matrix and differential transformations in
definition, in explicit form, for acceleration energy of first
order and corresponding to whole mechanical system (MBS):
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Refer to “(4),” it includes the symbols and parameters:

(1) and (2), the main author was obtained the expression of
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(i)vc/ the absolute acceleration of the mass center; (')a_)l. and

(i)a_)i the absolute angular velocity and acceleration of the

kinetic ensemble (/) from “Fig.1”; M, mlf and I

i
represent the mass, the axial and centrifugal inertial tensor, as
well as the planar centrifugal inertial tensor corresponding to
the entire kinetic ensemble (i ) , relative to the mass center Ci :

(i)/fz.l.((/)f*x)((') # ) dm . (/)I j(i)f*-(i)f*rdm. (5)

The same acceleration energy of first order, above written by
(4) and corresponding to the MBS, the main author has
developed [4], [6] a matrix expression, and below presented:
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Refer to “(6),” it contains on the one hand the first and second

time derivatives of the column matrix O (t) of the

generalized variables , also named generalized velocities and
accelerations. On the other hand in (6) a set of dynamics
matrices are founded, whose expressions are defined below:
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“Equation (7) and (8) is the mass matrix or inertia matrix of
acceleration energies”, refer to “(9)” with “(10)” and “(11)” it
represents the column matrix of centrifugal and Coriolis
terms, while refer to “(12),” with “(13)”” and “(14)” it is named
pseudo-inertial matrix of the acceleration energy. All three
matrices are known in the scientific literature, for example
[1], [6]-[7]. Their components illustrate on the one hand the
mass proprieties included in the pseudo-inertial tensor, as:

J‘ka.kaT_dm jkadm
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On the other hand, the dynamics matrices include the so called
differential matrices of first and second order, that correspond
to the homogeneous transformations matrices between the
reference systems of the MBS, “Fig. 1. So, the differential

matrix of first order (P -position, R -orientation) shown as:
Aki(j)(R) Aki(j)(p)

A . = 16
KD7lo 0 0 0 .
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The differential matrix of second order is defined below as:

Ay (R) Ay (5)}

(R) = 23
AlR) {o 0 0 0 @)

125

2
———{IR} =
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1=0
Aqk(R)—{exp{ji( k9 x)q, }} Ay (R)- RY,

m=k

Ay (R) = (k9 x)-A,, {exp{Z(F;O)x).qP.Ap}};

p=m

where A, (R) =

(25)

_ 0
Aijk (p):E(AU (p)) and A,/ (p) is given by (19).
k

According to [3]-[6], the sub-matrices from (16) and (23) are
determined using matrix exponential functions. In their
expressions the following symbols are included as follows:

20) . . - .
Kk(j) is named the unit vector, in the initial configuration, of
the axis corresponding to the generalized coordinate k() »

while Ak( ) is an angular coordinate and

(0)

this is 0 otherwise. The terms [_),

is equal 1 if Q)

and R,(OO ) represent the

position vector, respectively the orientation matrix of the
system{/} in relation to {0}, in the same initial configuration.

In conclusion of this section, refer to “(4),” it can be seen that a
generalization of Konig’s theorem from analytical dynamics but
this is extended on the acceleration energies of first order.

B. Acceleration Energy of Second Order

According to the research of the main author [6]-[7], the
suddenly motion of MBS, the transient motion phases, as well as
the mechanical systems subjected to the action of a system of
external forces, with a time variation law, are characterized by
linear and angular accelerations of higher order. A simple
example in agreement with this statement is the simplified
mechanical system shown in “Fig. 2”. Therefore, in this section
the acceleration energy of second order is developed in explicit
and then matrix form. “Starting from (1) and (2), equation for
defining the acceleration energy of second order becomes:

Eﬁf”:%jv, -dm =—jTrace( ")-dm =
- 2 Tace(, 7] o+
%Trace[fq 7T SIRT [+ (26)
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Fig. 2 Simplified mechanical system
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According to [6]-[7], applying a few matrix and differential
transformations, the explicit form of the acceleration energy
of second order for a MBS is obtained as follows:
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It can be also considered an extension of the generalization of
Konig’s theorem of the second order. Refer to “(26)” and
“(27),” they include the symbols and parameters specified in
the page numbers [2]. At these, the terms which are a function

of 6

accelerations of second order are also added.

According to [6], following of the application a few of
matrix and differential transformations, the matrix expression
of the acceleration energy of second order is determined as:

EQ[a(1:01:0(1):0(1)]=

=(q;, for i=1—>n)T , representing the generalized

:%-G_T(t)-M[G_(t)]-G_(t)Jr
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0T (D-HLE D820 -8 (D + (28)
#0700 O 0] 50+
13-07(1)-k[a (0% (1) ]+

+%.§T(t). N (D]-a ).

Alongside (7), the other five dynamics matrices are included
in the acceleration energy of second order (27), thus:
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(29)

where V, =07 |:{V, =V, } (30)
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“Equations (29), (31), (34), (35) and (36) are differential
matrices of second order with mass and inertia properties”.
The differential matrix of third order, component of the
dynamics matrix (31), with (32) and (33) has the form:

A = Aijkm (R ) Aijkm (i_))
ijkm —
0 0 0 0

According to [3]-[6], the sub-matrices included in (37) are

(37

expressed by means of the matrix exponential functions:

Ay (R) = {exp{lz;‘( k¥ x)-q,-A }} A (R),  (38)

A (R) = (K x)-A, - A (R),

A (R)= exp{“( K9x).q, }} A (R), (39)
b

A (R) = (k" x) A, ;;,;*(R), (40)

**** L ! (0) *****
A (R) = {Z H o (R), @)

r=p

A****** (R) R

ijkm

A (R) = (k' x)-A,

ijkm r

(42)
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A (R) = exp{i( k' )qs~As}; (43)
2
28 Ay (B) =2 A4 ()] = o A (P)], 49
k k m

where the column matrix A,-j ([_J) is given by equation (18).

The differential matrix of fourth order, component of the
dynamics matrices (35) and (36) has the following form:

Aijkmp (R ) Afjkmp (ﬁ_))

Am=lo 0 o o0 | “45)
4
Aﬁkmp(R): 0 {?[R]}:
aq/aqkaclmaqp
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= {eXP{Z(Em) x)-q, A, }}.A;fkmp (R),
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Al;kmp(R)z
m-1
:(kp(‘”x) A, {exp{ (kp(‘”x) q, A,}}-Agfmp(R),
r=p
Ay (R) =
_ k1
= (K x)-4, {p{ (K7x)-q, As}}'/*;:;pm),
Ay (R) =
_ =
= (k" x)-A, -{exp{ (k' x)-q, -Au}}-A;;‘;; (R),
Ay (R) =
_ i 47
(R )0, 00 S (0000, AL
Ay (7) = Lan(P) _ Ty (P) _
ijkmp
! a, aq,-aq, )
_ OA() _ o'y,
aq,-09,-0q, 0q;-0q,-0q, -0q,

The components of the differential matrix of fourth order,
included in (45), according to same [3]-[6], it observes that
they have been also determined by the matrix exponentials.

C. Acceleration Energy of Third Order

Considering the introductory aspects from previous section,
included in the page numbers [3], the suddenly motion of MBS,
the transient motion phases, as well as the mechanical systems
subjected to the action of a system of external forces with a time
variation law, in which the robots are included, the dynamic
study is extended on the acceleration energy of third order. As
example, the same “Fig.3” can be also considered. So, “using
(1) and (2), in this case, in accordance with [7], the main
author proposes the equation of the acceleration energy of
third order”. This will be defined in both variants; explicit and
matrix form. First of all, the starting equation shows as:
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EP ()= ;ijvT v,-dm =
(49)

13 —
+—-ZTrace[p, - p,T]-M, ,
2 5
where F, represents the absolute acceleration of third order

of the elementary mass "dm", and p ; expresses the absolute

acceleration of third order of the origin O; € {/} , where {i}

is the reference frame, in accordance with the same “Fig.1”.
According to [7], applying a few matrix and differential

transformations the acceleration energy of third order for

MBS is obtained, under the explicit form, in the two variants:

EQ()=E?[0(1):0(t):0(0):0(1):0 (1) ]+
LER[a0:8(0:8(1:8 (1]

First variant of the acceleration energy of third order is:
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5w @ 6 ) e-a (@ 6] 6+
+@T’[0_)1T'I;i‘(5ixa’i)]’6i};

The second variant highlights the generalized variables, thus:
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“Equation (50) contains the two terms corresponding to
complete form”. Refer to “(51)” and “(52),” they include the
symbols and parameters specified in the first two sections of
this chapter. At these, only the terms which are a function

of § =(q,, for i=1—>n)T , representing the generalized

accelerations of third order are added. Similarly with the first
two types of acceleration energies, it can also observe an
extension of the generalization of K&nig’s theorem of the third
order regarding the acceleration energy of third order.

According to [7], following of the application a few of
matrix and differential transformations, the matrix expression
of the acceleration energy of third order is determined as:

E|0.(1):0(1):0(0):0 (1):0 (1) |-
+ 0T O-MF 0] 0+

407 (OV[aWam0:00]+
30TV ]ama ]+
+6-07()-H [ (0:8:(D]-0(1)+
BTk [80:84 )],

The dynamics matrices of third order are the following:

Vo ma(]-

j:1—>n} )
-0

(53)

(54

oT.lv
=I\/{atrix ™ m=1->n

nx1)

where i=1—n

ALGERGIE

QT .|:Vijm

where i=1—-n

H {807 (1) |-
I=1—n

Q_T' Hi'lm -0
o om=1->n ;

i=1—>n; j=1->n
K0 (00 (1) |-

g [K

i=1->n; j=1->n;1=1->n

The last two have the same matrix form with (33) and (35). All
components are also determined with matrix exponentials
described in the previous section, page numbers [4] and [5].

j=1—>”} - (55)
-0

= Matrix m=1—-n

(nx1)

= Matrix

(nxn)

m=1—>n} _
-0

= Matrix{0" - p=1—n -0

(nx1)
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III. EXPERIMENTAL ANALYSIS

Fig. 3 Fanuc LR Mate 100iB Robot
The transducer location of the robot arm
In order to illustrate in an experimental form the validity of
the above presented expressions, regarding the acceleration
energies of higher order, it was considered the rotation motion

on the angular interval (0, 7T) of the arm of the serial robot
Fanuc LR Mate 100 iB, according to image from “Fig. 3”.
For highlight the time variation law of the acceleration
energies of higher order, the polynomial interpolating functions
of fifth order have been applied in the formulations from [7]:
T -

qji(T) = %'%(ﬁ-ﬁ"‘%‘%(f[) ; (56)
2 2
T, -7 -7,
q; ()= _( 2-1‘.) "G +( 2-t.1) g +ay; (57
3
T, -7
q;() = % Qs +
3 (58)
(c-114) .
6.1 SOyt 85T+ @y,
(Ti _T)4 (T Ty )4
g;\7) = /e "Gy
() T (59)
+ @+ @, T+,
(z-1) (t-1)
%), g Y (©0)
3 2
+aj,.1-%+aj,.2-%+aj,‘3'r+aj,4 ;

where a;,, p= 1— 4, are the integration constants, which

are determined from the geometrical and kinematical
constraints with an important role in ensuring the continuity of

the rotation motion on the angular interval (0, 7'[) s

characterized by 51 interpolation segments. The obtained
results, regarding the higher order polynomial functions have
been included in the expressions of the acceleration energies
that characterize the rotation motion of the robot arm.

By using a mono-axial accelerometer, it has been
experimentally established the time variation law of the
tangential component of the acceleration of a point belonging
to the robot arm. Considering the rotation motion of the robot
arm (the third kinetic ensemble of the robot), it results the time
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variation law for the angular acceleration g, (T) The both

graphics are also represented in the “Fig. 4”.
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Fig. 4 The time variation of the tangential and
generalized accelerations
Thus, by customizing the expressions (4), (27) and (48),
for the considered application, the following expressions are:

1
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Fig. 5 Time variation law of the acceleration energy
of first order
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Fig. 6 Time variation law of the acceleration energy
of second order
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Fig. 7 Time variation law of the acceleration energy
of third order
The graphics from “Fig.5”, “Fig.6” and “Fig.7” illustrate the
time variation law for the acceleration energies of first,
second and third order in the case of the application on the
serial Fanuc robot presented in the image from “Fig.3”.

IV. CONCLUSION

This paper has been devoted to the presentation of
important formulations on the advanced notions that are used
in the analytical dynamic study of the mechanical systems. In
the advanced notions the acceleration energies of higher
order, also named “kinetic energies of the accelerations of
higher order” are included. The existence of these energies of
higher order, according to scientific literature is due to the fact
that when a component of the multibody systems (MBS) is
characterized by suddenly movements, there are higher order
time variations of the linear and angular accelerations. This
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conclusion is also valid for the transient motion phase of any
mechanical system. Considering the aspects from scientific
literature, as well as the researches of the main author, the
expressions for the acceleration energies of first, second and
third orders have been presented in general, explicit and
matrix form. These equations have been developed by means
of the matrix exponentials functions that they have undeniable
advantages in the matrix study of the kinematics and
dynamics for any complex mechanical system (MBS).

The expressions of the acceleration energies can be also
considered an extension of Konig’s theorem on higher order
whereas they are characterized by a resultant translation
component and resultant rotation component.

Integral part of the multibody systems are the mechanical
structures of the serial robots, on which an application has
been presented in order to highlight the importance of the
higher order energies, regarding the dynamical behavior.
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