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Abstract— In this paper, a new auxiliary equation method [ (t anh(éj) t COth(f ))e _ X

is presented. A nalytical multiple function solutions : o (1 + tanh(§ )tan(§ ) + tan(f ) + COth(é: )) o
including trigonometric functions, exponential functions

and hyperbolic functions can be easily obtained. Using 3)
this method > we obtain the interaction solutions of the p
Whitham-Broer—Kaup equations. It is significant to help &, = (tanh( )+ COt( ))e v
physicists to analyze special phenomena in their relevant 3T ( ')_ ;S
fields accurately. O\l +cot (f)COth(é) + tm(§)+ cot (5) 5
)
Index Terms— auxiliary equation method; interaction
solution; Whitham—Broer—Kaup equations ¢ B (C Ot( ) + COth( ))e§ v
), =— N ——
I INTRODUCTION 51+ tanh(&)cot(£)+ cot(E)+ coth(¢) ) &
It is well known that the complicated nature phenomena are 5)
often well described by nonlinear partial differential
equations. In this study, we consider WBK equations which £
are introduced by Whitham, Broer and Kaup'"!. The equations = — (1 + tan( )COth( ))6 - v
describe propagation of shallow water waves with different o (1 + tanh(§ ) + tan(§ ) + tan(§ )COth(f ) ) o
dispersion relation. 6)
Modern algebraic method is direct and effective in finding c
many kinds of exact solutions for nonlinear evolution &, = (1 + COt( )COth( ))e v
equations (NLEEs) and it can be systematically implemented 6 ( ‘)_ <
by computer algebra system. These methods are the oL+ tanh(§)+ COt(§)+ cot ((’g)COth(é:) o
tanh-function method', the homogeneous balance method"!, (7
the F-expansion method[4] the Sine-Cosine function
method®™, the Exp-function method', the simplest equation (1 + tanh( ) ( ))eé v
method!”? , and other algebraic methods. ¢7 =— N — —
51+ tan(€)+ coth(&)+ tanh(&)tan() ) &
Recently, we introduced a method called the extended 8
simplest equation method as an extension of the simplest
equation method, to look for the exact traveling wave &
solutions of NLEEs"™. In this paper, we apply the auxiliary ¢ - _ (l + tanh( )COt( ))e v
equation method to construct th%%nteraction solutions for the 8 5(1 +cot (5 ) + COth(f )+ t anh(§ )COt (5 )) o
Whitham-Broer-Kaup equations ©)
II. NEW SOLUTIONS OF THE NOVEL AUXILIARY EQUATION
The novel auxiliary equation reads: III. THE AUXILIARY EQUATION METHOD
-4 ¢ + & =V , 1) Stepl: For a giv§n nonlinear. partial differential equation with
. . independent variables x,t...:
where ¢ = ¢ (é) and 8, v are constants. We obtain new {P(ut 2u H _-- ) =0
. . ) . 10)
multiple solutions of eq. (1) in the followin, —0O- (
P q. (D g ; Q(HtaHxx’”x"‘)—O
b= (tanh(£)+ tan(&))e v
1 ' : .
5(1 + tan(f)coth(§)+ tanh(§)+ tan(é) ) Ve make a transformation as follow:
2
@ fuln ) =u(8)
—ct, (11)
H(x,t)= H(g)
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where c are constants to be determined.
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Step2: Inserting (11) into eq. (10), we get the ordinary
differential equation:

P(u',u",um,H-n):O
o(H H ,H u--)=0"

Step3: We assume the solutions of eq. (12) in the following:

u(£)= gaif"(é)

H(E)= iob,.ff(e:) |

Where mi,n are positive integers determined by the balance
principle in eq. (12). f(<&) satisfies eq. (1). Substituting (13)
into eq. (12), we obtain a set of algebra equations when we set
all coefficients of f'(&) to zeros. Therefore a;,b ; will be

(12)

(13)

determined by solving the set of algebra equations. We will
apply the method to the Whitham-Broer-Kaup equations.

IV. NEW INTERACTION SOLUTIONS OF THE WBK EQUATIONS
The WBK equations are

u +uu, +H +pu =0,
Ht +(U’H)X +auxxx_ﬂ[_lxx = O’

(14)
15)

where the field of horizontal velocity is represented by u(x,t).
H(x,t) is the height that deviate from equilibrium position of
liquid. And o, are constants which represent different
diffusion power'".

We get ordinary differential equations (ODEs)

-cu +uu +H + fu =0, (16)
-cH +Hu +uH -H +ou =0, a7

We assume the solutions of eqs. (16) and (17) as the
following,

uziaifi(é)
=0 , E=x—ct,

H=Y ')

where c is a constants to be determined.
We get m =1,n = 2 by the balance principle,then we assume

(18)

the solutions of eqs. (16) and (17) as the following,

u(f):a0+a1 ﬂ

1

+a,| — |,
¢

H(£)=b, +b, % +b, % +| by +b, % é

19)

(20)
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where ai(212 750) b, (b2b4 7&0) are constants. They

could be determined f)y using the auxiliary equation method.
We get the following results:

a,=c,a,=\a+ 3 ,a,=0,b, =06b,,b, =0,
b, =b,,b, = pva+ B —,6’21/—051/—2192\/,194 =0.

2

We obtain interaction solutions of eqs. (14) and (15) in the
following:

uj(f):c+w/a+,82 Z—’ ,

J

(22)

1(6)=-tb, 0] % | (gl - Pa-aa-0 |

(23)
where @, (=1,...,8) are solutions of eq. (1).

CONCLUSION

In this paper, we successfully obtained new interaction
solutions of WBK equations by using the auxiliary equation
method. Analytical multiple function solutions including
trigonometric functions, exponential functions and hyperbolic
functions can be easily obtained. Using this method > we
obtain the interaction solutions of the Whitham—Broer—Kaup
equations. It is significant to help physicists to analyze special
phenomena in their relevant fields accurately.
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