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Abstract— In this paper we discussed about natural 

ordered relation in a totally ordered ternary semiring 

(T,+,.,,≤) in which(T,.) is semilattice defined as a ≤ b ⟺ a 

=xyb = xby = bxy; a= xya. And also we characterize 

different properties of a totally ordered semirings with 

natural ordered relation.. 

    In section 2, the required preliminaries are 

presented. In Section 3, properties of totally ordered 

ternary semirings with natural ordered relation were 

discussed  

 

Index Terms— Totally ordered ternary semiring, 

R-Commutative, rectangular band, ,Normal, intra 

–regular, Semilattice. 

 

I. INTRODUCTION 

The algebraic theory of semigroups was widely developed by 

CLIFFORD[1,2] and PERTICH[11].The Theory of ternary 

algebraic systems were introduced by LEHMER[3] in 

1932.LEHMER investigated certain algebraic system called 

triplexes which turn out to be commutative ternary groups. 

Ternary semigroups are universal algebras with one 

associative ternary operation. The notion of ternary 

semigroup was known to S.Banach who credited with the 

example of a ternary semigroup which cannot reduce to a 

semigroup. HEINZ MISTCH [4] defined the natural ordered 

relation on semigroup and proved it is totally ordered with 

respect to its natural partial order if and only if it is an 

idempotent semigroup. A band or an idempotent semigroup 

satisfying commutativity is called semilattice .The structure 

of these band is completely determined by NAOKI KIMURA 

[11] YAMUDA [11] and many others. In this paper we 

introduce the notion of natural order relation in totally 

ordered ternary semirings. 

II. PRELIMINARIES 

This section contains preliminary definitions and results used 

in this paper 

Definition2.1:A system (T,≤) is called partially ordered set if 
it satisfies the following axioms 

(i) a ≤ a                             (Reflexivity) 

(ii) a ≤ b, b ≤ a ⟹ a = b    (Anti symmetry) 

(iii) a≤ b, b ≤ c ⟹ a ≤ c      (Transitivity) 
   For all a,b,c in T.  
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Definition 2.2: A Ternary semigroup (T,.) is said to be a 

partially ordered ternary semigroup if T is partially ordered 

set such that for any a,b in T a ≤ b ⟹ [cad]  ≤  [cbd], [acd] ≤ 
[bcd] , [cda] ≤ [cdb] for c,d in T. 

Definition 2.3: A Ternary semiring is called Partial ordered 

ternary semiring if there exist partial order ‘≤’ on T such that 

(i) (T,+, ≤) is partially ordered semigroup 

(ii) (T., ≤) is partially ordered semigroup. It is denoted by 
(T,+,. ≤) 
Example2.4: Let T ={0,a,b,c} be a partially ordered ternary 

semiring with respect to addition and ternary multiplication 

and ordering such that a<b<c<0 and the operation is defined 

as follows                                                         

+ a b c 0 

a a b c 0 

b b b c 0 

c c c c 0 

0 0 0 0 0 
                   

Definition 2.5: A ternary semigroup (T,.) is band if every 

element in T is an idempotent .i.e. a
3
 = a for all a in T. 

Definition 2.6: A commutative band is called semilattice. 

Definition 2.7:A ternary semigroup (T,.) is called rectangular 

band if ababa=a for all a,b in T. 

Definition2.8:A semigroup (T,.) is called weakly seperative 

if a
2
 = ab = b

2
  implies a = b for all a,b in T. 

Definition 2.9:A ternary semigroup (T,.) is called quasi 

-seperative if  a
3
 = aba =bab = b

3
  implies that a = b for all a,b 

in T. 

Definition 2.10: A ternary semigroup (T,.) is said to be left 

singular if it satisfies the identity ab
2
 = a for all a,b in T. 

Definition 2.11: A ternary semigroup (T,.) is said to be lateral 

singular if it satisfies  the identity bab = a for all a,b in T. 

Definition 2.12:  A ternary semigroup (T,.) is said to be right 

singular if it satisfies the identity b
2
a = a for all a,b in T. 

Definition 2.13: A ternary semigroup (T,.) is said to be two 

sided singular, if it is both left and right singular. 

Definition 2.14:A ternary semigroup (T,.) is said to be 

singular if it is left, lateral and right singular. 

Definition 2.15:A ternary semigroup (T,.) is said to be left 

regular, if it satisfies the identity a = a
3
xy for all a,x,y in T. 

Definition2.16: A ternary semigroup (T,.) is said to be  right 

regular ,if it satisfies  the identity a = xya
3
 for all a,x,y in T. 

Definition 2.17:A ternary semigroup (T,.) is said to be lateral 

regular, if it satisfies the identity a = x a
3
y for all a,x,y in T. 

Definition 2.18: A ternary semigroup (T,.) is said to be two 

sided regular if it is left as well as right regular. 

Definition2.19: A ternary semigroup (T,.) is said to be regular  

if it is left, right and lateral regular. 

Definition2.20: A system (T, ) where the relation ‘ ’ on T 

satisfying the following axioms 

(i)Reflexivity: a   a 

(ii) Anti symmetry : a   b  ,b   a imply a = b 

Natural Ordered Relation on Totally Ordered Ternary 

Semirings 

Koneti Rajani, Cheerla Meenakumari, Dr. G. Shobhalatha 

. a b c 0 

a 0 0 0 0 

b 0 0 0 0 

 c 0 0 0 0 

0 0 0 0 0 
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(iii) Transitivity a   b, b  c imply a   c 

 (iv) Linearity   a   b (or) b   a 

For all a,b,c in  T  is called a totally ordered set. 

Definition 2.21: A ternary semiring (T,+,.) is said to be totally 

ordered ternary semiring if there exists a partially order “ ” 

on T such that  

(i) (T,+,  ) is a totally order semigroup 

(ii) (T,.,  ) is totally ordered semigroup and it is 

denoted by (T,+,.,  ) 

EXAMPLE2.22: Consider the set T={1,2,3,4} with the order  

1 <2 <3 <4 and with the following binary operation ‘+’ and 

ternary multiplication’.’ 
 

 

 

 

 

 

 

 

Result 2.23[4]:For an arbitrary semigroup T and its natural 

partial order the following are equivalent: 

(i) a    b 

(ii) a =xb=by, ay=a for some x,y in S
1
. 

(iii) a = xb =by, xa=a=ay for some x,y in S
1
. 

Result 2.24:The order relation defined in the result 1.2.3 is 

total if and only if for every a,b in R ,a + b = a or b 

III. TOTALLY ORDERED TERNARY SEMIRINGS: 

Theorem3.1:Suppose (T,+,.) is a ternary semiring in 

which(T,.) is band. If a relation defined by the rule a ≤ b ⟺ 

a=xyb= xby= bxy,a=xya for all a,b in T and x,y in T
1
,where T

1
 

is ternary semigroup T with unity element ‘1’. If (T,.) is 

regular then (T,+,., ≤) is partially ordered ternary semiring. 
Proof: Given that (T,+,.) is a ternary semiring in which (T,.) 

is semilattice and (T,.) is regular. Let a,b in T and x, y in  

T
1.Define ≤on T by rule a ≤ b ⟺ a=xyb=xby=bxy,a=xya 

Reflexivity: 

For  a=1   a= a.1.1=1.a.1=1.1 .a, a=1.1.a 

Where ‘1’ is the identity element in (T,.) 

 ⟹     a ≤ a 

Therefore ‘≤’ is reflexive. 

Anti symmetric: 

Let a ≤ b and b ≤ a then  
a ≤ b ⟺  a = xyb = xby = bxy ,a = xya  

b ≤ a ⟺ b = uva = uav = auv   ,b = uvb 

a  = xyb 

   = xy(auv) 

   = (xya)uv 

   = auv 

a = b 

 Therefore ‘≤’ is antisymmetric.  

Transitivity: 

Let a ≤ b ⟺a = xyb = xby = bxy, a=xya 

      b ≤ c⟺b = uvc = ucv = cuv, b = uvb for some x,y,u,v in T
1
 

To prove a ≤ c 

let  a   = xyb 

           = xy(uvc) 

           = (xy)(uv)c  x,y,u,v in T
1
 then xyuv in T 

       a =  stc          for s=xy  and  t=uv 

Similarly we can prove a=sct= cst                  

Also    sta    = (xy) (uv) a 

        = (xy) (uv) (bxy) 

        = (xy) (uvb) (xy) 

        = (xy) b (xy) 

        = (xy) (bxy) 

        = (xy) a 

                   = a 

a= stc =sct = cst , a=sta 

 a ≤ c 

Therefore ‘≤’ is transitive 

Hence (T, ≤) is partially ordered set. 
Compatibility: 

First we prove compatibility with multiplication 

a ≤  b⟹ a=xyb =xby = bxy   ;xya=a 

acd 

= (xyb)cd = (xby)cd  = (bxy)cd; xy(acd)=acd 

= xy (bcd)  = (xby) cd = (bxy) cd ;  

= xy (bcd)  = (xyb) cd =  (xyb) cd; 

= xy(bcd)   = bcd         =   bcd;                                                                                                                                           

= xy(bcd)   =(xb
3
y)cd  =   bc(d

3
xy); (  T is regular)                                                                                                                                          

=  xy(bcd)  =  (xby)cd = bc(dxy);                                                           

=  xy(bcd)  = xb(ycd)  =(bcd)xy ;                      ⟹xy(bcd) =x(bcd)y  =(bcd)xy; xy(acd)=acd 

          ⟹acd ≤ bcd 

Similarly we can prove cad ≤ cbd and cda ≤ cdb 

Therefore ‘≤’ is compatible with respect to multiplication. 

Now we prove ‘≤’ is compatible with addition 

Let a≤ b ⟹ a = xyb =xby = xyb; xya=a ⟹ a + c= xyb + c= xby + c= bxy + c; xya+c =a+c ⟹ a + c = xyb + xyc
3
=xby +xc

3
y =bxy + c

3
xy;  xya+xyc

3
=a+c ⟹a+c = xy(b+c

3
) =x(b+c

3
)y=(b+c

3
)xy;  

xy(a+c
3
) = a+c   

                 ⟹     a + c ≤ b + c 

Similarly we can prove c + a ≤ c + b 

             Therefore ‘≤’ is compatible with respect to addition. 

Hence (T,+,., ≤) is partial ordered ternary semiring. 
Theorem3.2: If (T,.) be a ternary semigroup which is band 

.Define '≤' on T by a ≤ b ⇔ a=xyb=xby=bxy; a=xya for all a,b 

in T and for some x,y in T11
  wwhheerree  TT

11
iiss  tteerrnnaarryy  sseemmiiggrroouupp  TT  

wwiitthh  uunniittyy  eelleemmeenntt  ‘‘11’’..tthheenn  ((TT,,≤≤))  iiss  aa  ttoottaallllyy  oorrddeerreedd  

sseemmiiggrroouupp.. 

PPrrooooff::  AAss  ggiivveenn  ((TT,,..))  iiss  aa  tteerrnnaarryy  sseemmiiggrroouupp  wwhhiicchh  iiss  bbaanndd  

..ii..ee..  TT  ==  EE((TT))  ,,  wwhheerree  EE((TT))  ddeennootteess  tthhee  sseett  ooff  iiddeemmppootteennttss  ooff  

TT.. 

LLeett  aa,,bb  iinn  TT,,  rreellaattiioonn  ''≤≤''  oonn  TT  iiss  ggiivveenn  bbyy    aa  ≤≤  bb  ⇔⇔  

aa==xxyybb==xxbbyy==bbxxyy;;  aa==xxyyaa  ffoorr  aallll  aa,,bb  iinn  TT  aanndd  ffoorr  ssoommee  xx,,yy  iinn  TT
11.. 

FFrroomm  tthheeoorreemm  33..11..  iitt  iiss  pprroovveedd  tthhaatt  ((TT,,≤≤))  iiss  ppaarrttiiaallllyy  oorrddeerreedd  

tteerrnnaarryy  sseemmiiggrroouupp.. 

AAggaaiinn  ffrroomm  tthhee  rreessuulltt  22..2266[[44]]  wwee  ccoonncclluuddee  tthhaatt  ((TT,,≤≤))  iiss  aa  

ttoottaallllyy  oorrddeerreedd  tteerrnnaarryy  sseemmiiggrroouupp..  

RReemmaarrkk::11..((TT,,..,,≤≤))  iiss  ttoottaallllyy  oorrddeerreedd  iiff  ((TT,,..))  iiss  bbaanndd..  

22..TThhrroouugghh  oouutt  tthhiiss  ppaappeerr  TT
11
iiss  aa  ttoottaallllyy  oorrddeerreedd  tteerrnnaarryy  

sseemmiiggrroouupp  wwiitthh  uunniittyy  eelleemmeenntt  ‘‘11’’.. 
DDeeffiinniittiioonn33..33::AA  tteerrnnaarryy  sseemmiiggrroouupp  ((TT,,..))  iiss  ssaaiidd  ttoo  bbee  

RR--ccoommmmuuttaattiivvee  ffoorr  aallll  aa,,bb  iinn  TT  aanndd  xx,,  yy  iinn  TT
11    

aabbcc  ==  xxyy((bbaacc)) 

TThheeoorreemm  33..44::  LLeett  ((TT,,..,,≤≤))  bbee  aa  ttoottaallllyy  oorrddeerreedd  tteerrnnaarryy  

sseemmiiggrroouupp  wwhheerree  ''≤≤''  oonn  TT    ddeeffiinneedd  bbyy      aa  ≤≤  bb  ⇔⇔  aa  

==xxyybb==xxbbyy==bbxxyy;;  aa==xxyyaa  ffoorr  aallll  aa,,bb  iinn  TT  aanndd  ffoorr  ssoommee  xx,,yy  iinn  TT
11  

+ 1 2 3 4 

1 2 3 4 4 

2 3 4 4 4 

3 4 4 4 4 

4 4 4 4 4 

. 1 2 3 4 

1 2 4 4 4 

2 4 4 4 4 

3 4 4 4 4 

4 4 4 4 4 
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..TThhee  nneecceessssaarryy  aanndd  ssuuffffiicciieenntt  ccoonnddiittiioonn  iiss  tthhaatt    ((TT,,..))  iiss  

ccoommmmuuttaattiivvee  iiff  aanndd  oonnllyy  iiff  ((TT,,..))  iiss  RR--ccoommmmuuttaattiivvee..  

PPrrooooff::  AAss  ggiivveenn  ((TT,,..,,≤≤))  iiss  aa  ttoottaallllyy  oorrddeerreedd  tteerrnnaarryy  sseemmiiggrroouupp  

aanndd    aa  ≤≤  bb  ⇔⇔  aa==xxyybb==xxbbyy==bbxxyy;;  aa==xxyyaa  ffoorr  aallll  aa,,bb  iinn  TT  aanndd  ffoorr  

ssoommee  xx,,yy  iinn  TT
11.. 

SSuuppppoossee    ((TT,,..))  iiss  ccoommmmuuttaattiivvee  ..ii..ee..  aabbcc==  aaccbb  ==  bbaacc  ==  

bbccaa==ccaabb==ccbbaa  ffoorr  aallll  aa,,bb,,cc  iinn  TT      

SSiinnccee  ((TT,,..,,≤≤))  iiss  ttoottaallllyy  oorrddeerreedd  ffoorr  aannyy  aa,,bb  iinn  TT    eeiitthheerr  aa  ≤≤  bb  

((oorr))    bb  ≤≤  aa..  ..  TToo  pprroovvee  ((TT,,..))  iiss  RR--ccoommmmuuttaattiivvee 

CCaassee  ((ii))::  ccoonnssiiddeerr      aa  ≤≤  bb 

aa  ==xxyybb  ==  xxbbyy==  bbxxyy;;  aa  ==  xxyyaa 

xxyy  ((bbaacc))    ==      xxyy((aabbcc))  ((ssiinnccee  ((TT,,..))  iiss  ccoommmmuuttaattiivvee)) 

      ==    ((xxyyaa))bbcc  

xxyy((bbaacc))    ==        aabbcc  

CCaassee((iiii))::  ccoonnssiiddeerr      bb  ≤≤  aa  tthheenn 

bb==xxyyaa==xxaayy==aaxxyy;;    bb==xxyybb 

xxyy((bbaacc))  ==  ((xxyybb))aacc 

  ==    bbaacc 

xxyy((bbaacc))  ==    aabbcc        ((ssiinnccee  ((TT,,..))  iiss  ccoommmmuuttaattiivvee)) 

                                              ∴∴  ((TT,,..))  iiss  RR--ccoommmmuuttaattiivvee.. 

CCoonnvveerrsseellyy  aassssuummee  tthhaatt  ((TT,,..))  iiss  RR--ccoommmmuuttaattiivvee  TToo  hhaavvee    ((TT,,..))  

iiss  ccoommmmuuttaattiivvee  ccoonnssiiddeerr 

ccaassee((ii))::      aa  ≤≤  bb      aa==xxyybb==xxbbyy==bbxxyy;;  aa==xxyyaa 

ffoorr    aabbcc  ==    ((xxyyaa))bbcc  

  ==    xxyy((aabbcc)) 

  ==      bbaacc  ((ssiinnccee  ((TT,,..))  iiss  RR--ccoommmmuuttaattiivvee))  

SSiimmiillaarrllyy  wwee  ccaann  pprroovvee  aabbcc==bbccaa==ccbbaa==ccaabb==aaccbb 

ccaassee((iiii))::    bb  ≤≤  aa      bb==  xxyyaa==  xxaayy  ==  aaxxyy  ;;  bb==xxyybb 

  ffoorr        bbaacc  ==  ((xxyybb))aacc 

          ==  xxyy((bbaacc)) 

          ==  aabbcc  ((ssiinnccee  ((TT,,..))  iiss  RR--ccoommmmuuttaattiivvee)) 

      SSiimmiillaarrllyy  wwee  ccaann  pprroovvee  aabbcc==bbccaa==ccbbaa==ccaabb==aaccbb 

                                ∴∴  ((TT,,..))  iiss  ccoommmmuuttaattiivvee.. 

DDeeffiinniittiioonn  33..66::  AA  tteerrnnaarryy  sseemmiiggrroouupp  ((TT,,..))  iiss  ccaalllleedd  lleefftt  mmeeddiiaall  

iiff  xxyyzzuuvv==yyzzxxuuvv==  zzxxyyuuvv  ffoorr  eevveerryy  xx,,yy,,zz,,uu,,vv  iinn  TT.. 

DDeeffiinniittiioonn  33..77::  AA  tteerrnnaarryy  sseemmiiggrroouupp  ((TT,,..))  iiss  ccaalllleedd  rriigghhtt  

mmeeddiiaall  iiff  xxyyzzuuvv==xxyyuuvvzz==xxyyvvzzuu  ffoorr  eevveerryy  xx,,yy,,zz,,uu,,vv  iinn  TT.. 

DDeeffiinniittiioonn  33..88::AA  tteerrnnaarryy  sseemmiiggrroouupp  ((TT,,..))  iiss  llaatteerraall  mmeeddiiaall  iiff  

xxyyzzuuvv==xxzzuuyyvv==xxuuyyzzvv  ffoorr  eevveerryy  xx,,yy,,zz,,uu,,vv  iinn  TT.. 

DDeeffiinniittiioonn33..99::  AA  tteerrnnaarryy  sseemmiiggrroouupp  TT  iiss  ccaalllleedd  ttwwoo  ssiiddeedd  ((oorr))  

sseemmiimmeeddiiaall  iiff  iitt  iiss  bbootthh  lleefftt  aanndd  rriigghhtt  mmeeddiiaall.. 

DDeeffiinniittiioonn  33..1100::  AA  tteerrnnaarryy  sseemmiiggrroouupp  TT  iiss  ccaalllleedd  mmeeddiiaall  iiff  iitt  

iiss  lleefftt,,  rriigghhtt  aanndd  llaatteerraall  mmeeddiiaall.. 

TThheeoorreemm  33..1111::  SSuuppppoossee  ((TT,,..≤≤))  iiss  aa  ttoottaallllyy  oorrddeerreedd  tteerrnnaarryy  

sseemmiiggrroouupp  ssuucchh  tthhaatt  ''≤≤''  oonn  TT  ddeeffiinneedd  bbyy       aa  ≤≤  bb  ⇔⇔  

aa==xxyybb==xxbbyy==bbxxyy;;  aa==xxyyaa  ==xxaayy  ==aaxxyy  ffoorr  aallll  aa,,bb  iinn  TT  aanndd  ffoorr  

ssoommee  xx,,yy  iinn  TT
11  

..IIff  ((TT,,..))  iiss  mmeeddiiaall  ,,  rreegguullaarr  tteerrnnaarryy  sseemmiiggrroouupp  

tthheenn  ((TT,,..))  iiss  ccoommmmuuttaattiivvee..  

PPrrooooff::  GGiivveenn  tthhaatt  ((TT,,..≤≤))  iiss  aa    ttoottaallllyy  oorrddeerreedd  tteerrnnaarryy  

sseemmiiggrroouupp      aanndd  aa  ≤≤  bb  ⇔⇔  aa==xxyybb==xxbbyy==bbxxyy;;  aa==xxyyaa  ==xxaayy  ==aaxxyy  

ffoorr  aallll  aa,,bb  iinn  TT  aanndd  ffoorr  ssoommee  xx,,yy  iinn  TT
11  

.. 

AAllssoo    ((TT,,..))  iiss  mmeeddiiaall  aanndd  rreegguullaarr  wwee  hhaavvee  ttoo  pprroovvee  ((TT,,..))  iiss  

ccoommmmuuttaattiivvee..  FFoorr  tthhiiss  ccoonnssiiddeerr  tthhee  ffoolllloowwiinngg  ccaasseess 

CCaassee((ii))::  IIff  aa  ≤≤  bb  ⇔⇔  aa==xxyybb==xxbbyy==bbxxyy;;  aa==xxyyaa  ==xxaayy  ==aaxxyy  ffoorr  aallll  

aa,,bb  iinn  TT  aanndd  ffoorr  ssoommee  xx,,yy  iinn  TT
11  

.. 

BByy  ttaakkiinngg  ((TT,,..))  aass  lleefftt  rreegguullaarr  ffoorr  aallll  ''aa''  tthheerree  eexxiissttss  xx,,yy  iinn  TT  

ssuucchh  tthhaatt       

aa
33
xxyy                                  ==    aa 

aa
33
xxyybbcc                                    ==  aabbcc 

aa  aa  aa  xx  yy  bb  cc            ==  aabbcc 

((xx  yy  bb))aa((aa  xx  yy  bb  cc))    ==  aabbcc 

((xx  yy  bb  aa))((aa  bb  xx  yy  cc))    ==  aabbcc  ((ssiinnccee  xxyyzzuuvv==xxuuyyzzvv)) 

((xx  yy  bb  aa))((aa  bb  cc  xx  yy))    ==  aabbcc  ((ssiinnccee  xxyyzzuuvv==xxyyvvzzuu)) 

((xx  yy  bb  aa))((  cc  aa  bb  xx  yy))    ==  aabbcc((ssiinnccee  xxyyzzuuvv==zzxxyyuuvv)) 

((xx  yy  bb  aa))((  cc  aa  bb  xx  yy))    ==  aabbcc((ssiinnccee  xxyyzzuuvv==zzxxyyuuvv)) 

((xx  yy  bb  aa  cc))((aa  bb  xx  yy))      ==  aabbcc 

((xx  yy  aa  cc  bb))((aa  bb  xx  yy))      ==  aabbcc((ssiinnccee  xxyyzzuuvv==xxyyuuvvzz)) 

aa  cc  bb  aa  aa                                      ==  aabbcc 

bb  aa  cc  aa  aa              ==  aabbcc((ssiinnccee  xxyyzzuuvv==zzxxyyuuvv)) 

bb  aa  aa  aa  cc              ==  aabbcc((ssiinnccee  xxyyzzuuvv==xxyyvvuuzz)) 

bb  aa
33
cc                                                ==          aabbcc 

bbaacc              ==  aabbcc 

CCaassee((iiii))::IIff  bb  ≤≤  aa  tthheenn  bb==xxyyaa==xxaayy==aaxxyy;;    

                                                                      aa==  xxyybb  ==  bbxxyy  ==  xxbbyy 

AAggaaiinn  bbyy  lleefftt  rreegguullaarriittyy  ooff    TT   

bb
33
xxyy      ==  bb 

bb
33
xxyyaacc                              ==  bbaacc 

bb  bb  bb  xx  yy  aa  cc  ==  bbaacc 

((aa  xx  yy  bb))((bb  xx  yy  aa  cc))        ==  bbaacc 

((aa  xx  yy  bb  bb))((xx  yy  aa  cc))        ==  bbaacc 

((  yy  aa  xx  bb  bb))((xx  yy  aa  cc))      ==  bbaacc((ssiinnccee  zzuuvv==zzxxyyuuvv)) 

((  yy  aa  xx  bb))((  bb  xx  yy  aa  cc))    ==  bbaacc 

((yy  aa  xx  bb))((bb  aa  xx  yy  cc))        ==  bbaacc((ssiinnccee  xxyyzzuuvv==xxuuyyzzvv)) 

((yy  aa  xx  bb))((  aa  xx  bb  yycc))        ==      bbaacc((ssiinnccee  xxyyzzuuvv==yyzzxxuuvv)) 

((yy  aa  xx  bb))((aa  bb  yy  xx  cc))        ==  bbaacc((ssiinnccee  xxyyzzuuvv==xxzzuuyyvv)) 

((yy  aa  xx  bb))((aa  bb  xx  yy  cc))        ==  bbaacc((ssiinnccee  xxyyzzuuvv==xxyyvvzzuu)) 

((yy  aa  xx  bb  aa))((bb  xx  yy  cc))        ==    bbaacc 

((xx  yy  aa  bb  aa))((bb  xx  yy  cc))        ==    bbaacc((ssiinnccee  xxyyzzuuvv==zzxxyyuuvv)) 

((aa  xx  yy  bb  aa))((  bb  xx  yy  cc))      ==    bbaacc   

((  aa  xx  yy  bb))((  aa  bb  xx  yy  cc))    ==  bbaacc 

((  aa  xxyy  bb))((  aa  xxyy  bb  cc))        ==    bbaacc 

                        aa  bb    bb  bb  cc              ==  bbaacc 

                                aa  bb
33
cc                    ==  bbaacc 

                                              aabbcc          ==  bbaacc 

      SSiimmiillaarrllyy  wwee  ccaann  pprroovvee  aabbcc  ==  bbccaa  ==  aaccbb  ==  ccaabb  ==  ccbbaa 

                                                ∴∴((TT,,..))  iiss  ccoommmmuuttaattiivvee 

DDeeffiinniittiioonn  33..1122::  AA  tteerrnnaarryy  sseemmiiggrroouupp  ((TT,,..))  iiss  ssaaiidd  ttoo  bbee  iinnttrraa  

rreegguullaarr  ffoorr  aallll  ‘‘aa’’  iinn  TT  tthheerree  eexxiissttss  xx,,  yy  iinn  TT  ssuucchh  tthhaatt    xxaa
55
yy==  aa  

.. 

TThheeoorreemm  33..1133::  AAssssuummee  tthhaatt  ((TT,,..,,≤≤))  iiss  aa  ttoottaallllyy    oorrddeerreedd  

tteerrnnaarryy  sseemmiiggrroouupp  ssuucchh  tthhaatt  ''≤≤''  oonn  TT  ddeeffiinneedd  bbyy aa  ≤≤  bb  ⇔⇔  

aa==xxyybb==xxbbyy==bbxxyy;;  aa==xxyyaa    ffoorr  aallll  aa,,bb  iinn  TT  aanndd  ffoorr  ssoommee  xx,,yy  iinn  TT
11  

..IIff  ((TT,,..))  iiss  mmeeddiiaall  tthheenn((TT,,..))  iiss  iinnttrraa  rreegguullaarr.. 

PPrrooooff::  GGiivveenn  tthhaatt  ((TT,,..≤≤))  iiss  aa  tteerrnnaarryy  sseemmiiggrroouupp  wwhhiicchh  iiss  bbaanndd  

aanndd    aa  ≤≤  bb  ⇔⇔  aa  ==  xxyybb==xxbbyy==bbxxyy;;  aa==xxyyaa    ffoorr  aallll  aa,,bb  iinn  TT  aanndd  ffoorr  

ssoommee  xx,,yy  iinn  TT
11
aanndd  aallssoo  ((TT,,..))  iiss  mmeeddiiaall..  

TToo  pprroovvee  ((TT,,..))  iiss  iinnttrraa  rreegguullaarr  ccoonnssiiddeerr  tthhee  ffoolllloowwiinngg  ccaasseess 

CCaassee  ((ii))::  IIff  aa  ≤≤  bb  ⇔⇔  aa  ==  xxyybb  ==  xxbbyy  ==  bbxxyy;;  aa  ==  xxyyaa  ffoorr  aallll  aa,,bb  iinn  

TT  aanndd  ffoorr  ssoommee  xx,,yy  iinn  TT
11 

xxaa
55
yy      ==  xx  aa  aa

33  
aa  yy 

                      ==  xx  aa  aa  aa  yy  

                      ==  aa  xx  aa  aa  yy  ((ssiinnccee  ((TT,,..))  iiss  mmeeddiiaall)) 

                      ==    aa  xx  yy  aa  aa      ((ssiinnccee  ((TT,,..))  iiss  mmeeddiiaall)) 

                      ==  aa  ((xx  yy  aa))  aa 

                      ==    aa  aa  aa 

                      ==        aa
33 

        
xxaa

55
yy  ==      aa  

CCaassee  ((iiii))  ::  IIff    bb  ≤≤  aa  ⇔⇔  bb==xxyyaa==xxaayy==aaxxyy;;  bb==xxyybb  ffoorr  aallll  aa,,bb  iinn  TT  

aanndd  ffoorr  ssoommee  xx,,yy  iinn  TT
11 

  xxbb
55
yy              ==              xx  bb  bb

33  
bb  yy 

      ==              xx  bb  bb  bb  yy 

                              ==              bb  xx  bb  bb  yy    ((ssiinnccee  ((TT,,..))  iiss  mmeeddiiaall)) 

                              ==                bb  xx  yy  bb  bb  ((ssiinnccee((TT,,..))  iiss  mmeeddiiaall)) 

    ==                bb((xx  yy  bb))  bb 
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    ==                  bb  bb  bb 

                              ==                        bb
33 

xxbb
55
yy              ==                  bb  ∴∴    ((TT,,..))  iiss  iinnttrraa  rreegguullaarr.. 

TThheeoorreemm  33..1144::  IIff    ((TT,,..≤≤))  iiss  aa  ttoottaallllyy  oorrddeerreedd  tteerrnnaarryy  

sseemmiiggrroouupp  ssuucchh  tthhaatt  ''≤≤''  oonn  TT  ddeeffiinneedd  bbyy aa  ≤≤  bb  ⇔⇔  

aa==xxyybb==xxbbyy==bbxxyy;;  aa==xxyyaa    ffoorr  aallll  aa,,bb  iinn  TT  aanndd  ffoorr  ssoommee  xx,,yy  iinn  TT
11  

..tthheenn  ((TT,,..))  iiss  rriigghhtt  rreegguullaarr.. 

PPrrooooff::  AAss  ggiivveenn  ((TT,,..≤≤))  iiss  aa    tteerrnnaarryy  sseemmiiggrroouupp  wwhhiicchh  iiss  bbaanndd    

aanndd aa  ≤≤  bb  ⇔⇔  aa==xxyybb==xxbbyy==bbxxyy;;  aa==xxyyaa    ffoorr  aallll  aa,,bb  iinn  TT  aanndd  ffoorr  

ssoommee  xx,,yy  iinn  TT
11  

.. 
TToo  pprroovvee  ((TT,,..))  iiss  rriigghhtt  rreegguullaarr  wwee  hhaavvee  ttoo  sshhooww  

  xxyyaa
33
  ==aa  ffoorr  aallll  aa  iinn  TT  aanndd  ffoorr  ssoommee  xx,,yy  iinn  TT  

CCaassee((ii))::  IIff    aa  ≤≤  bb  ⇔⇔  aa==xxyybb==xxbbyy==bbxxyy;;  aa==xxyyaa    ffoorr  aallll  aa,,bb  iinn  TT  

aanndd  ffoorr  ssoommee  xx,,yy  iinn  TT
11  

.. 

CCoonnssiiddeerr            xxyyaa
33                              

==        xxyyaa 

                                                      ==          aa 

CCaassee((iiii))::IIff    bb  ≤≤  aa  ⇔⇔  bb==xxyyaa==xxaayy==aaxxyy;;  bb==xxyybb    ffoorr  aallll  aa,,bb  iinn  TT  

aanndd  ffoorr  ssoommee  xx,,yy  iinn  TT
11  

.. 

CCoonnssiiddeerr            xxyybb
33            

==        xxyybb  ==  bb 

     ∴∴    ((TT,,..))  iiss  rriigghhtt  rreegguullaarr 

NNoottee::  BByy  ttaakkiinngg  ccoommmmuuttaattiivviittyy  wwee  ccaann  pprroovvee  ((TT,,..))  iiss  rreegguullaarr 

TThheeoorreemm  33..1155::  SSuuppppoossee  ((TT,,..,,≤≤  ))  bbee  aa  tteerrnnaarryy  sseemmiiggrroouupp  ssuucchh  

tthhaatt  ''≤≤''  oonn  TT  ddeeffiinneedd  bbyy aa  ≤≤  bb  ⇔⇔  aa==xxyybb==xxbbyy==bbxxyy;;  aa==xxyyaa    ffoorr  

aallll  aa,,bb  iinn  TT  aanndd  ffoorr  ssoommee  xx,,yy  iinn  TT
11  

..IIff  ((TT,,..))  iiss  ccaanncceellllaattiivvee  tthheenn  

((TT,,++))  iiss  wweeaakkllyy  sseeppeerraattiivvee  tteerrnnaarryy  sseemmiiggrroouupp.. 

PPrrooooff::  GGiivveenn  tthhaatt  ((TT,,..,,≤≤))  iiss  tteerrnnaarryy  sseemmiiggrroouupp  wwhhiicchh  iiss  bbaanndd  

aanndd    

aa  ≤≤  bb⇔⇔  aa==  xxyybb==xxbbyy==bbxxyy;;aa==xxyyaa  ffoorr  aallll  aa,,bb  iinn  TT  aanndd  xx,,  yy  iinn  TT
11  

  

aanndd  ((TT,,..))  iiss  ccaanncceellllaattiivvee 

wwee  hhaavvee  ttoo  pprroovvee  ((TT,,++))  iiss  wweeaakkllyy  sseeppeerraattiivvee,,  ffoorr  tthhiiss  ccoonnssiiddeerr  

tthhee  ffoolllloowwiinngg  ccaasseess 

ccaassee((ii))::  iiff    aa    ≤≤  bb  ⇔⇔  aa==xxyybb==xxbbyy==bbxxyy;;aa==xxyyaa 

AAssssuummee  aa  ++  aa  ==  aa  ++  bb  ==  bb  ++  bb 

        aa  ++  aa    ==      aa  ++  bb 

                  xxyyaa  ++    aa        ==      xxyybb  ++  bb 

                    ((xxyy  ++  11))aa  ==      ((xxyy  ++11))bb 

                                          aa        ==          bb  ((ssiinnccee  ((TT,,..))  iiss  ccaanncceellllaattiivvee)) 

ssiimmiillaarrllyy      

bb  ++  bb                  ==            aa  ++  bb 

xxyy((bb  ++  bb))      ==          xxyy((aa  ++  bb)) 

xxyybb  ++  xxyybb    ==        xxyyaa  ++xxyybb 

          22xxyybb          ==          xxyyaa  ++  aa 

            22xxyybb        ==          xxyyaa  ++  xxyyaa  

          22xxyybb          ==            22xxyyaa 

            bb              ==                aa        ((ssiinnccee  ((TT,,..))  iiss  ccaanncceellllaattiivvee)) 

TThheerreeffoorree      aa  ++  aa  ==  aa  ++  bb  ==  bb  ++  bb  ⇒⇒    aa    ==    bb 

ccaassee((iiii))  ::  bb  ≤≤  aa  ⇔⇔  bb==  xxyyaa==  xxaayy==  aaxxyy;;  bb==xxyybb 

CCoonnssiiddeerr      

  aa  ++  aa                    ==                aa  ++  bb 

xxyy((aa  ++  aa))        ==        xxyy((aa  ++  bb))  

  xxyyaa  ++  xxyyaa    ==        xxyyaa  ++  xxyybb 

        22xxyyaa              ==            bb      ++  xxyybb 

        22xxyyaa              ==            xxyybb  ++  xxyybb 

                22xxyyaa      ==          22xxyybb 

                          aa        ==              bb    ((ssiinnccee  ((TT,,..))  iiss  ccaanncceellllaattiivvee)) 

SSiimmiillaarrllyy        

  bb  ++      bb            ==              aa  ++  bb 

  bb    ++  xxyybb    ==              aa    ++  xxyyaa 

bb((11  ++  xxyy))  ==              aa((11  ++  xxyy)) 

bb                            ==              aa    ((ssiinnccee  ((TT,,..))  iiss  ccaanncceellllaattiivvee)) 

      TThheerreeffoorree  aa  ++  aa  ==  aa  ++  bb  ==  bb  ++  bb  ⇒⇒    aa    ==    bb 

HHeennccee  ((TT,,++))  iiss  wweeaakkllyy  sseeppeerraattiivvee    tteerrnnaarryy  sseemmiiggrroouupp.. 

DDeeffiinniittiioonn  33..1166::AA  tteerrnnaarryy  sseemmiiggrroouupp  ((TT,,..))  iiss  ssaaiidd  ttoo  bbee  nnoorrmmaall  

iiff  xx((aabbcc))xx  ==xx((aaccbb))xx==  xx((bbccaa))xx==  xx((bbaacc))xx==  xx((ccaabb))xx==xx((ccbbaa))xx  ffoorr  

aallll  xx,,aa,,bb  iinn  TT.. 

TThheeoorreemm  33..1177::  AAssssuummee  tthhaatt  ((TT,,..,,≤≤))    iiss  aa  ttoottaallllyy  oorrddeerreedd  

tteerrnnaarryy  sseemmiiggrroouupp  wwhheerree  ''≤≤''  iiss  ddeeffiinneedd  bbyy  aa  ≤≤  bb  ⇔⇔  aa  ==  

xxyybb==xxbbyy==bbxxyy;;aa==  xxyyaa  ffoorr  aallll  aa,,bb  iinn  TT  aanndd  ffoorr  ssoommee  xx,,yy  iinn  TT
11
..IIff  

TT  iiss  RR--ccoommmmuuttaattiivvee  tthheenn  iitt  iiss  nnoorrmmaall.. 

PPrrooooff  ::  AAss  ggiivveenn  ((TT,,..,,≤≤))  iiss    aa  ttoottaallllyy  oorrddeerreedd  tteerrnnaarryy  

sseemmiiggrroouupp  aanndd  TT  iiss  RR--ccoommmmuuttaattiivvee  ⇒⇒  xxyy((bbaacc))  ==  aabbcc  ffoorr  aallll  

aa,,bb  iinn  TT  aanndd  xx,,yy  iinn  TT
11
..  

SSiinnccee  ((TT,,..,,≤≤))  iiss  ttoottaallllyy  oorrddeerreedd  ffoorr  aannyy  aa,,bb  iinn  TT    eeiitthheerr  aa  ≤≤  bb      

((oorr))    bb  ≤≤  aa 

CCaassee((ii))::  IIff    aa  ≤≤  bb    ⇔⇔  aa  ==  xxyybb==xxbbyy==bbxxyy;;aa==  xxyyaa 

TToo  pprroovvee  TT  iiss  nnoorrmmaall          

xx((aabbcc))xx        ==  xx((xxyyaa))bbccxx 

    ==    xx((xxyy((aabbcc))))  

                              ==        xx((bbaacc))xx  ((ssiinnccee  ((TT,,..))  iiss  RR--ccoommmmuuttaattiivvee)) 

CCaassee((iiii))::  IIff    bb  ≤≤  aa    ⇔⇔  bb==  xxyyaa==xxaayy==aaxxyy  ;;bb==  xxyybb 

lleett      xx((aabbcc))xx    ==        xxaa((xxyybb))ccxx 

                                      ==        xx((aaxxyy))bbccxx 

                                      ==        xx((xxyyaa))bbccxx 

                                      ==        xx  ((xxyy((aabbcc))))xx 

                                      ==  xx((bbaacc))xx((ssiinnccee  ((TT,,..))  iiss  RR--ccoommmmuuttaattiivvee)) 

bbyy  tthhee  tthheeoorreemm  33..44  iiff  ((TT,,..))  iiss  RR--ccoommmmuuttaattiivvee  tthheenn  ((TT,,..))  iiss  

ccoommmmuuttaattiivvee 

TThheerreeffoorree  xx((aabbcc))xx==xx((aabbcc))xx==xx((ccaabb))xx==  xx((bbccaa))xx  ==  xx((ccaabb))xx      

==xx((ccbbaa))xx   

                                          ∴∴((TT,,..))  iiss  nnoorrmmaall.. 

TThheeoorreemm  33..1188::LLeett  ((TT,,..,,≤≤))  bbee  aa  ttoottaallllyy  oorrddeerreedd  tteerrnnaarryy  

sseemmiiggrroouupp  wwhheerree  ''≤≤''  iiss  ddeeffiinneedd  bbyy  aa  ≤≤  bb⇔⇔  aa  ==xxyybb==xxbbyy==bbxxyy;;  

aa==xxyyaa  ffoorr  aallll  aa,,bb  iinn  TT  aanndd  xx,,yy  iinn  TT
11
..  IIff  TT  iiss  rreeccttaanngguullaarr  bbaanndd  

tthheenn  iitt  iiss  RR--ccoommmmuuttaattiivvee.. 

PPrrooooff::  GGiivveenn  tthhaatt  ((TT,,..,,≤≤))  iiss  aa    ttoottaallllyy  oorrddeerreedd  tteerrnnaarryy  

sseemmiiggrroouupp  wwhheerree  ''≤≤''  iiss  ddeeffiinneedd  bbyy   

aa  ≤≤  bb⇔⇔  aa  ==xxyybb==xxbbyy==bbxxyy;;  aa==xxyyaa  ffoorr  aallll  aa,,bb  iinn  TT  aanndd  xx,,yy  iinn  

TT
11
..aanndd  aallssoo  ((TT,,..))  iiss  rreeccttaanngguullaarr  bbaanndd..  wwee  hhaavvee  ttoo  pprroovvee  ((TT,,..))  iiss  

RR--ccoommmmuuttaattiivvee 

CCaassee((ii))::  CCoonnssiiddeerr  aa  ≤≤bb  tthheenn  aa==xxyybb==xxbbyy==bbxxyy  ;;aa==xxyyaa   

xxyy((bbaacc))  ==    ((xxyybb))aacc 

                          ==      aa  aa  cc 

    ==  ((xx  bb  yy))((xx  yy  aa))cc 

                          ==  ((xx  bb  yy))xx  yy  ((xx  yy  bb))cc 

                          ==  xx  bb  ((yy  xx  yy  xx  yy))  bb  cc 

    ==  xxbbyybbcc((ssiinnccee  ((TT,,..))  iiss  rreeccttaanngguullaarr  bbaanndd))    

  ==  ((xxbbyy))bbcc     

xxyy((bbaacc))  ==    aabbcc 

SSiimmiillaarrllyy  wwee  ccaann  pprroovvee  aabbcc==bbccaa==ccbbaa==ccaabb==aaccbb 

CCaassee  ((iiii))::  ccoonnssiiddeerr  bb  ≤≤  aa  tthheenn  bb==xxyyaa==xxaayy==aaxxyy;;  bb==xxyybb  

xxyy((aabbcc))    ==        ((xxyyaa))bbcc  

                              ==          bb  bb  cc 

                              ==    ((xx  aa  yy))((xx  yy  bb))cc 

                              ==    ((xx  aa  yy))  xxyy  ((xxyyaa))cc 

                              ==        xx  aa  ((yy  xx  yy  xxyy))aa  cc 

                              ==        xx  aa  yy    aa  cc 

xxyy((aabbcc))      ==        bb  aa  cc    ((ssiinnccee  ((TT,,..))  iiss  rreeccttaanngguullaarr  bbaanndd)) 

              ∴∴((TT,,..))  iiss  RR--ccoommmmuuttaattiivvee..  

CONCLUSION 

In this paper we mainly discussed about the natural ordered 

relation in totally ordered ternary semirings. 
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